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Abstract 

The Gelfand-Naimark-Sigal representation construction is considered in a general case 
of topological involutive algebras of quantum systems, including quantum fields, and in¬ 
equivalent state spaces of these systems are characterized. We aim to show that, from the 
physical viewpoint, they can be treated as classical fields by analogy with a Higgs vacuum 
field. 
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1 Introduction 

No long ago, one thought of vacuum in quantum field theory (QFT) as possessing no physical 
characteristics, and thus being invariant under any symmetry transformation. It is exemplified by 
a particleless Fock vacuum (Section 8). Contemporary gauge models of fundamental interactions 
however have arrived at a concept of the Higgs vacuum (HV). By contrast to the Fock one, HV is 
equipped with nonzero characteristics, and consequently is non-invariant under transformations. 

For instance, HV in Standard Model of particle physics is represented by a constant back¬ 
ground classical Higgs field, in fact, inserted by hand into a field Lagrangian, whereas its true 
physical nature still remains unclear. In particular, somebody treats it as a sui generis con¬ 
densate by analogy with the Cooper one, and its appearance is regarded as a phase transition 
characterized by some symmetry breakdown 

Thus, we come to a concept of different inequivalent and, in particular, non-invariant vacua 
[53) . Here, we consider some models of these vacua in the framework of algebraic quantum theory 
(AQT). We aim to show that, from the physical viewpoint, their characteristics are classical just 
as we observe in a case of the above-mentioned Higgs vacuum. 

In AQT, a quantum system is characterized by a topological involutive algebra A and a family 
of continuous positive forms on A. Elements of A are treated as quantum objects, and we call A 
the quantum algebra. In this framework, values of positive forms on A are regarded as numerical 
averages of elements of A. In the spirit of Copenhagen interpretation of quantum theory, one 
can think of positive forms on A as being classical objects. 

A corner stone of AQT is the following Gelfand-Naimark-Segal (GNS) representation theorem 

mini [57]. 

Theorem 1.1. Let A be a unital topological involutive algebra and / a positive continuous 
form on A such that /(I) = 1 (i.e., / is a state). There exists a strongly cyclic Hermitian 
representation (tt/, 0/) of A in a Hilbert space Ef with a cyclic vector Of such that 

/(a) = (7r(a)00|00), a e A. (1.1) 

□ 

It should be emphasized that a Hilbert space Ej in Theorem ll.ll is a completion of the quotient 
of an algebra A with respect to an ideal generated by elements a G A such that f{aa*) = 0, and 
the cyclic vector 0/ is the image of the identity 1 G A in this quotient. Thus, a carrier space of a 
representation of A and its cyclic vector in Theorem 11.11 comes from a quantum algebra A, and 
they also can be treated as quantum objects. 

Since 0/ (11.11) is a cyclic vector, we can think of it as being a vacuum vector and, accordingly, 
a state / as being a vacuum of an algebra A. Let us note that a vacuum vector 0^ is a quantum 
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object, whereas a vacuum / of ^ is the classical one. In particular, a quantum algebra A acts 
on quantum vectors, but not on its vacua (states). 

Since vacua are classical objects, they are parameterized by classical characteristics. A prob¬ 
lem is that different vacua of A define inequivalent cyclic representations of a quantum algebra 
A in general. In this case, they are called inequivalent. 

We say that a quantum algebra A performs a transition between its vacua / and f' if there 
exist elements b,b' € A such that /'(a) = f{b^ab) and /(a) = f'{b''^ab') for all a G A. In this 
case cyclic representations tt/ and tt// and, accordingly, vacua / and /' are equivalent (Theorem 
IQ) . A problem thus is to characterize inequivalent vacua of a quantum system. 

One can say something in the following three variants. 

(i) If a quantum algebra A is a unital (7*-algebra, Theorem 11.11 comes to well-known GNS 
fTheorem 12.7L and we have a cyclic representation of A by bounded operators in a Hilbert space 
(Section 2). This is a case of quantum mechanics. 

(ii) A quantum algebra A is a nuclear involutive algebra iTheorem 16.31) . In particular, this is 
just the case of quantum field theory (Sections ?9 and 10). 

(iii) Given a group G of automorphisms of a quantum algebra A, its vacuum is / invariant 
only under a proper subgroup of G. This is the case of spontaneous symmetry breaking in a 
quantum system (Sections 12 and 13). 

If a quantum algebra A is a unital C'*-algebra, one can show that a set F{A) of states of A is a 
weakly*-closed convex hull of a set P{A) of pure states of A, and it is weakly* compact (Theorem 
13.101) . A set P{A) of pure states of A, in turn, is a topological bundle over the spectrum A of 
A whose fibres are projective Hilbert space. The spectrum A of A is a set of its nonequivalent 
irreducible representations provided with the inverse image of the Jacobson topology. It is quasi¬ 
compact. 

In accordance with Theorem EJa unital C'*-algebra A of a quantum system performs in¬ 
vertible transitions between different vacua iff they are equivalent. At the same time, one can 
enlarge an algebra A to some algebra B{Ep) so that all states of A become equivalent states 
of B{Ep) fTheorem 13.111) . Moreover, this algebra contains the superselection operator T (13.71) 
which belongs to the commutant of A and whose distinct eigenvalues characterize different vacua 
of A. 

In Section 4, an infinite qubit system modelled on an arbitrary set S is studied. Its quantum 
C'*-algebra A 5 possesses pure states whose set is a set of maps a of a set S to the unit 
sphere in C^. They are equivalent iff the relation (14.3|) is satisfied and, in particular, if maps a 
and a' differ from each other on a finite subset of S. By analogy with a Higgs vacuum, one can 
treat the maps a (031) as classical vacuum fields. 

In Section 5, we consider an example of a locally compact group G and its group algebra L^(G) 
of equivalence classes of complex integrable functions on G. This is a Banach involutive algebra 
with an approximate identity. There is one-to-one correspondence between the representations 
of this algebra and the strongly continuous unitary representations of a group G (Theorem [SAj- 
Continuous positive forms on L^(G) and, accordingly, its cyclic representations are parameterized 
by continuous positive-definite functions ^ on G as classical vacuum fields (Theorem 15.3|) . If ip 
is square-integrable, the corresponding cyclic representation of L]^{G) is contained in the regular 
representation (15.81) . In this case, distinct square integrable continuous positive-definite functions 
Ip and Ip' on G define inequivalent irreducible representations if they obey the relations (j5.9l) . 

However, this is not the case of unnormed topological ^-algebras. In order to say something. 
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we restrict our consideration to nuclear algebras (Section 6 and 7). 

This technique is applied to the analysis of inequivalent representations of infinite canonical 
commutative relations (Section 8) and, in particular, free quantum fields, whose states charac¬ 
terized by different masses are inequivalent. 

Section 10 addresses the true functional integral formulation of Euclidean quantum theory 
(Section 10). These integrals fail to be translationally invariant that enables one to model a 
Higgs vacuum a translationall inequivalent state (Section 11). 

Sections 12 and 13 are devoted to the phenomenon of spontaneous symmetry breaking when 
a state of a quantum algebra A fails to be stationary only with respect to some some proper 
subgroup H oi a group G of automorphisms of A. Then a set of inequivalent states of these 
algebra generated by these automorphisms is a subset of the quotient G/H. 

In particular, just this fact motivates us to describe classical Higgs fields as sections of a fibre 
bundle with a typical fibre G/H [52l [53l [54] . 

2 GNS construction. Bounded operators 

We start with a GNS representation of a topological involutive algebra A by bounded operators 
in a Hilbert space. This is the case of Banach involutive algebras with an approximate identity 
fTheorem 12.71) . Without a loss of generality, we however restrict our consideration to GNS repre¬ 
sentations of C'*-algebras because any involutive Banach algebra A with an approximate identity 
defines the enveloping C'*-algebra such that there is one-to-one correspondence between the 
representations of A and those of IRemark 12.51) . 

Let us recall the standard terminology [HUM]- A complex associative algebra A is called 
involutive (a *-algebra) if it is provided with an involution * such that 

{a*)*=a, {a + \h)* = a*+ \h\ {ab)* = b*a*, a,b £ A, A £ C. 

An element a £ A is normal if aa* = a*a, and it is Hermitian or self-adjoint if a* = a. If A is a 
unital algebra, a normal element such that aa* = a*a = 1 is called the unitary one. 

A *-algebra A is called the normed algebra (resp. the Banach algebra) if it is a normed (resp. 
complete normed) vector space whose norm ||.|| obeys the multiplicative conditions 

|la&||<||a||||6||, Hall = Hull, a, 6 £ A. 

A Banach *-algebra A is said to be a C'*-algebra if ||a|p = ||a*a|| for all a £ A. If A is a 
unital C'*-algebra, then ||1|| = 1. A C'*-algebra is provided with a normed topology, i.e., it is a 
topological *-algebra. 

Remark 2.1. It should be emphasized that by a morphism of normed algebras is meant a 
morphism of the underlying *-algebras, without any condition on the norms and continuity. At 
the same time, an isomorphism of normed algebras means always an isometric morphism. Any 
morphism (j) of C'*-algebras is automatically continuous due to the property 

110 (0)11 < ||a||, a£A. (2.1) 

❖ 
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Any *-algebra A can be extended to a unital algebra A = C © A by the adjunction of the 
identity 1 to A. The unital extension of A also is a *-algebra with respect to the operation 

(Al + a)* = (Al + a*), A G C, a G A. 

If A is a C*-algebra, a norm on A is uniquely prolonged to the norm 

||Al + a||= sup ||Aa' + aa'|| 
lk'||<i 

on A which makes A a C'*-algebra. 

One says that a Banach algebra A admits an approximate identity if there is a family 
of elements of A, indexed by a directed set I, which possesses the following properties: 

• IImJI < 1 for all cel, 

• \\uia — a|| —0 and ||aMt — a|| —0 for every a G A. 

It should be noted that the existence of an approximate identity is an essential condition for 
many results (see, e.g., Theorems 12.61 and 12.71) . 

For instance, a C'*-algebra has an approximate identity. Conversely, any Banach *-algebra A 
with an approximate identity admits the enveloping C'*-algebra A^ (Remark 12.51) [181124) . 

An important example of C*-algebras is an algebra B{E) of bounded (and, equivalently, 
continuous) operators in a Hilbert space E (Section 14.2). Every closed *-subalgebra of B{E) 
is a C*-algebra and, conversely, every C'*-algebra is isomorphic to a C'*-algebra of this type 
(Theorem 12.1|) . 

An algebra B(E) is endowed with the operator norm 

||a|| = sup ||ae||_E, a G B{E). (2.2) 

l|e|© = l 

This norm brings the *-algebra B{E) of bounded operators in a Hilbert space E into a C'*-algebra. 
The corresponding topology on B{E) is called the normed operator topology. 

One also provides B{E) with the strong and weak operator topologies, defined by the families 
of seminorms 


{Pe{a) = \\ae\\, eeE}, 

{pe,e'(a) = |(ae|e')|, e,e'eE}, 

respectively. The normed operator topology is finer than the strong one which, in turn, is 
finer than the weak operator topology. The strong and weak operator topologies on a subgroup 
U{E) C B{E) of unitary operators coincide with each other. 

It should be emphasized that B{E) fails to be a topological algebra with respect to strong and 
weak operator topologies. Nevertheless, the involution in B{E) also is continuous with respect 
to the weak operator topology, while the operations 

B{E) 9 a —>■ aa' G B{E), B{E) 9 a —>■ a'a G B{E), 

where a' is a fixed element of B{E), are continuous with respect to all the above mentioned 
operator topologies. 

Remark 2.2. Let A^ be a subset of B{E). The commutant N' of A^ is a set of elements of B{E) 
which commute with all elements of N. It is a subalgebra of B{E). Let N" = {N')' denote the 
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bicommutant. Clearly, N C N". A *-subalgebra B of B{E) is called the von Neumann algebra 
\i B = B". This property holds iff B is strongly (or, equivalently, weakly) closed in B{E) |18) . 
For instance, B{E) is a von Neumann algebra. Since a strongly (weakly) closed subalgebra of 
B{E) also is closed with respect to the normed operator topology on B{E), any von Neumann 
algebra is a C'*-algebra. <0 

Remark 2.3. A bounded operator in a Hilbert space E is called completely continuous if 
it is compact, i.e., it sends any bounded set into a set whose closure is compact. An operator 
a G B{E) is completely continuous iff it can be represented by the series 

OO 

= '^^k{e\ek)ek: (2.3) 

k^l 

where Cfc are elements of a basis for E and Xk are positive numbers which tend to zero as fc —>■ oo. 
For instance, every degenerate operator (i.e., an operator of finite rank which sends E onto its 
finite-dimensional subspace) is completely continuous. A completely continuous operator a is 
called the Hilbert-Schmidt operator if the series 

II^IIhs = ^ 

k 

converges. Hilbert-Schmidt operators make up an involutive Banach algebra with respect to this 
norm, and it is a two-sided ideal of an algebra B{E). A completely continuous operator a in a 
Hilbert space E is called a nuclear operator if the series 

iioiitt = 

k 

converges. Nuclear operators make up an involutive Banach algebra with respect to this norm, 
and it is a two-sided ideal of an algebra B{E). Any nuclear operator is the Hilbert-Schmidt 
one. Moreover, the product of arbitrary two Hilbert-Schmidt operators is a nuclear operator, 
and every nuclear operator is of this type. <C> 

Let us consider representations of *-algebras by bounded operators in Hilbert spaces [B [sa¬ 
lt is a morphism tt of a *-algebra A to an algebra B{E) of bounded operators in a Hilbert space 
E, called the carrier space of tt. Representations throughout are assumed to be non-degenerate, 
i.e., there is no element e ^ 0 of A such that Ae = 0 or, equivalently, AE is dense in E. 

Theorem 2.1. If A is a C'*-algebra, there exists its exact (isomorphic) representation. □ 

Theorem 2.2. A representation tt of a *-algebra A is uniquely prolonged to a representation tt 
of the unital extension A of A. □ 

Let {tt''}, t G I, be a family of representations of a *-algebra A in Hilbert spaces Ah If the 
set of numbers ||7r''(a)|| is bounded for each a G A, one can construct a bounded operator 7r(a) 
in a Hilbert sum ©A'' whose restriction to each E'' is 7r''(a). 

Theorem 2.3. This is the case of a C'*-algebra A due to the property (HAD. Then tt is a 
representation of A in ©£’'■, called the Hilbert sum 

7r = ©7r'’ (2.4) 
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of representations 


□ 


Given a representation tt of a *-algebra A in a Hilbert space E, an element 6 G E is said to 
be a cyclic vector for tt if the closure of Tr{A)9 is equal to E. Accordingly, tt (or a more strictly 
a pair (tt, 0 )) is called the cyclic representation. 

Theorem 2.4. Every representation of a *-algebra A is a Hilbert sum of cyclic representations. 

□ 

Remark 2.4. It should be emphasized, that given a cyclic representation (tt, 6) of a *-algebra 
A in a Hilbert space E, a different element 9' of if is a cyclic for tt iff there exist some elements 
6 ,5' £ A such that 9' = 7 r( 6)0 and 9 = TT{b')9'. <0 

Let A be a *-algebra, tt its representation in a Hilbert space E, and 9 an element of E. Then 
a map 

ujg : a ^ ( 7 r(a) 0 | 0 ) (2-5) 

is a positive form on A. It is called the vector form defined by tt and 9. 

Therefore, let us consider positive forms on a *-algebra A. Given a positive form /, a Hermi- 
tian form 

{a\b) = fib*a), a,b G A, (2.6) 

makes A a pre-Hilbert space. If A is a normed *-algebra, continuous positive forms on A are 
provided with a norm 

ll/ll = sup |/(a)|, a G A. (2.7) 

l|a|| = l 

Theorem 2.5. Let A be a unital Banach *-algebra such that ||1|| = 1. Then any positive form 
on A is continuous. □ 

In particular, positive forms on a C'*-algebra always are continuous. Conversely, a continuous 
form / on an unital C'*-algebra is positive iff /(I) = ||/||. It follows from this equality that 
positive forms on a unital C*-algebra A obey a relation 

||/l+/2|| = ||/l|| + ||/2||. (2.8) 

Let us note that a continuous positive form on a topological *-algebra A admits different 
prolongations onto the unital extension A of A. Such a prolongation is unique in the following 
case [15] . 

Theorem 2.6. Let / be a positive form on a Banach *-algebra A with an approximate identity. 
It is extended to a unique positive form / on the unital extension A of A such that /(I) = ||/||. 
□ 

A key point is that any positive form on a C*-algebra equals a vector form defined by some 
cyclic representation of A in accordance with the following GNS representation construction 

[niEi]. 

Theorem 2.7. Let / be a positive form on a Banach *-algebra A with an approximate identity 
and / its continuous positive prolongation onto the unital extension A (Theorems 12.51 and 12. 6 p . 
Let Nf be a left ideal of A consisting of those elements a G A such that f{a*a) = 0. The quotient 
A/Nf is a Hausdorff pre-Hilbert space with respect to the Hermitian form obtained from f{b*a) 
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dZll) by passage to the quotient. We abbreviate with Ef the completion of A/Nf and with Of 
the canonical image of 1 £ A in A/Nf C Ef. For each a G A, let T(a) be an operator in A/Nf 
obtained from the left multiplication by a in A by passage to the quotient. Then the following 
holds. 

(i) Each T(a) has a unique extension to a bounded operator 7 rj(a) in a Hilbert space Ef. 

(ii) A map a —>■ TTf^a) is a representation of A in Aj. 

(hi) A representation nf admits a cyclic vector Of. 

(iv) f{a) = {■7T{a)0f\0f) for each a G A. □ 

The representation iTf and the cyclic vector 0/ in Theorem 12.71 are said to be defined by a 
form /, and a form / equals the vector form defined by ttj and Of. 

As was mentioned above, we further restrict our consideration of the GNS construction in 
Theorem 12.71 to unital C'*-algebras in view of the following [T 8 l [24] . 

Remark 2.5. Let A be an involutive Banach algebra A with an approximate identity, and let 
P{A) be the set of pure states of A fRemark 13.2p . For each a G A, we put 

||a|l' = sup /(aa*)^/^, a G A. (2.9) 

feP{A) 

It is a seminorm on A such that ||a||' < ||a||. If A is a C'*-algebra, ||a|l' = ||a|| due to the relation 
(12.11) and the existence of an isomorphic representation of A. Let I denote the kernel of ||.||'. It 
consists of a £ A such that ||a||' = 0. Then the completion A'l' of the factor algebra A/I with 
respect to the quotient of the seminorm ( 12 .9L is a C'*-algebra, called the enveloping C*-algebra 
of A. There is the canonical morphism t ; A —>■ Ab Clearly, A = A'l' if A is a C'*-algebra. The 
enveloping C'*-algebra A^ possesses the following important properties. 

• If TT is a representation of A, there is exactly one representation Tr^ of A'l' such that tt = 
tt’I' o t. Moreover, the map tt —>■ is a bijection of a set of representations of A onto a set of 
representations of Ab 

• If / is a continuous positive form on A, there exists exactly one positive form /f on A^ such 

that / = /^ o r. Moreover, ||/'l'|| = ||/||. The map / —>■ /’!' is a bijection of a set of continuous 
positive forms on A onto a set of positive forms on Ab •() 

Moreover, the cyclic vector Of m Theorem 12.71 defined by a positive form / is the image of the 
identity under the quotient A —>• A/Nf, and thus the GNS construction necessarily is concerned 
with unital algebras. In view of Theorems 12.2l and l2.61 we therefore can restrict our consideration 
to unital C'*-algebras. 

3 Inequivalent vacua 

Let A be a unital C'*-algebra of a quantum systems. As was mentioned above, positive forms on 
a C* algebra are said to be equivalent if they define its equivalent cyclic representations. 

Remark 3.1. Let us recall that two representations tti and tt 2 of a *-algebra A in Hilbert 
spaces El and E 2 are equivalent if there is an isomorphism 7 : Ai —>■ A 2 such that 

7r2(a) = 7 o 7ri(a) o 7“^, a £ A. ( 3 . 1 ) 

In particular, if representations are equivalent, their kernels coincide with each other. ^ 


Given two positive forms /i and /2 on a unital C'*-algebra A, we meet the following three 
variants. 

(i) If /i = f 2 , there is an isomorphism 7 of the corresponding Hilbert spaces ^ : Ei ^ E 2 
such that the relation m holds, and moreover 

02 = liOi). (3.2) 

(ii) Let positive forms fi and /2 be equivalent, but different. Then their equivalence morphism 
7 fails to obey the relation (13.21) . 

(iii) Positive forms fi and /2 on A are inequivalent. 

In particular, let tt be a representation of H in a Hilbert space E, and let 6 be an element of 
E which defines the vector form ujg on A. Then a representation tt contains a summand 

which is equivalent to the cyclic representation of A defined by a vector form ug. 

There are the following criteria of equivalence of positive forms. 

Theorem 3.1. Positive forms on a unital C'*-algebra are equivalent only if their kernels contain 
a common largest closed two-sided ideal. □ 

Proof. The result follows from the fact that the kernel of a cyclic representation defined by a 
positive form on a unital C'*-algebra is a largest closed two-sided ideal of the kernel of this form 

m 0 

Theorem 3.2. Positive forms / and f on a unital C'*-algebra A are equivalent iff there exist 
elements b,b' G A such that 

/'(a) = fib^ab), f{a) = f'{b'+ab'), a G A. 


□ 

Proof. Let a positive form / define a cyclic representation (tt/, d/) oi Ain Ej. Let us consider 
an element TTf{b)0f G Ej. In accordance with Remark 12.41 this element is a cyclic element for 
a representation iTf. It provides a positive form a;7rj.(b)ej. on A such that uiT^j(b)gj = f. Then 
a positive form /' defines a cyclic representation { 71 ^, 8 ft) of A in a Hilbert space Ef/ which is 
isomorphic as 7 : i?// —)> to a cyclic representation (tt/, 7 r/( 6 ) 0 /) in Ef such that the relation 

(133 holds. Conversely, let positive forms / and f be equivalent. Then a positive form f defines 
an isomorphic cyclic representation (ttj, 9') in Ef., but with a different cyclic vector 9'. Then the 
result follows from Remark 12.41 <0 

In particular, it follows from Theorem [33 that given a positive form / on A, the state f{l)~^f 
of A is equivalent to /. Speaking on equivalent positive forms on A, we therefore can restrict our 
consideration to states. 

For instance, any cyclic representation of a C'*-algebra H is a summand of the Hilbert sum 

(113; 

ttf = © tt/, (3.3) 

F(A) 

of cyclic representations of A where / runs through a set E{A) of all states of A. Since for any 
element a G A there exists a state / such that /(a) ^ 0, the representation ttf is injective and, 
consequently, isometric and isomorphic. 

A space of continuous forms on a C'*-algebra A is the (topological) dual A' of a Banach space 
A. It can be provided both with a normed topology defined by the norm (lO) and a weak* 
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topology (Section 14.1). It follows from the relation (12.8|) . that a subset F{A) C A' of states is 
convex and its extreme points are pure states. 

Remark 3.2. Let us recall that a positive form /' on a *-algebra A is said to be dominated by 
a positive form / if / — /' is a positive form [24l [18]. A non-zero positive form / on a *-algebra 
A is called pure if every positive form /' on A which is dominated by / reads A/, 0 < A < 1. <C> 

A key point is the following [18] 

Theorem 3.3. The cyclic representation of tt/ of a C'*-algebra A defined by a positive form / 
on A is irreducible iff / is a pure form [TB] □ 

In particular, any vector form defined by a vector of a carrier Hilbert space of an irreducible 
representation is a pure form. 

Remark 3.3. Let us note that a representation tt of a *-algebra A in a Hilbert space E is 
called topologically irreducible if the following equivalent conditions hold: 

• the only closed subspaces of E invariant under 7r(A) are 0 and E] 

• the commutant of tt{A) in B{E) is a set of scalar operators; 

• every non-zero element of if is a cyclic vector for tt. 

At the same time, irreducibility of tt in the algebraic sense means that the only subspaces of 
E invariant under 7r(A) are 0 and E. If A is a C'*-algebra, the notions of topologically and 
algebraically irreducible representations are equivalent. It should be emphasized that a repre¬ 
sentation of a C'*-algebra need not be a Hilbert sum of the irreducible ones. <0> 

An algebraically irreducible representation tt of a *-algebra A is characterized by its kernel 
Ker TT C A. This is a two-sided ideal, called primitive. Certainly, algebraically irreducible repre¬ 
sentations with different kernels are inequivalent, whereas equivalent irreducible representations 
possesses the same kernel. Thus, we have a surjection 

A 9 TT —>■ KerTT G Prim(A) (3-4) 

of a set A of equivalence classes of algebraically irreducible representations of a *-algebra A onto 
a set Prim(A) of primitive ideals of A. 

A set Prim(A) is equipped with the so called Jacobson topology [18]. This topology is not 
Hausdorff, but obeys the Frechet axiom, i.e., for any two distinct points of Prim(A), there is a 
neighborhood of one of them which does not contain the other. Then a set A is endowed with 
the coarsest topology such that the surjection (13.41) is continuous. Provided with this topology, 
A is called the spectrum of a *-algebra A. In particular, one can show the following. 

Theorem 3.4. If a *-algebra A is unital, its spectrum A is quasi-compact, i.e., it satisfies the 
Borel-Lebesgue axiom, but need not be Hausdorff. □ 

Theorem 3.5. The spectrum A of a C'*-algebra A is a locally quasi-compact space. □ 

It follows from Theorems 13.41 and 13.51 that the spectrum of a unital C'*-algebra is quasi¬ 
compact. 

Example 3.4. A C'*-algebra is said to be elementary if it is isomorphic to an algebra 
T{E) C B{E) of compact operators in some Hilbert space E (Example 12.31) . Every non-trivial 
irreducible representation of an elementary C* algebra A = T{E) is equivalent to its isomorphic 
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representation by compact operators in E [18] . Hence, the spectrum of an elementary algebra is 
a singleton set. □ 

By analogy with Theorem 13.21 one can state the following relations between equivalent pure 
states of a C*-algebra. 

Theorem 3.6. Pure states / and /' of a unital C'*-algebra A are equivalent iff there exists a 
unitary element U G A such that the relation 

/'(a) = f{U*aU), a€A. (3.5) 

holds. □ 

Proof. A key point is that, if / is a pure state of a unital C'*-algebra, a pseudo-Hilbert space 
A/Nf in Theorem 12.71 is complete, i.e., Ef = A/Nf. <C> 

Corollary 3.7. Let tt be an irreducible representation of a unital C'*-algebra A in a Hilbert 
space E. Given two distinct elements 6 i and 02 of E (they are cyclic for tt), the vector forms on 
A defined by {n,0i) and (tt, ^ 2 ) are equal iff there exists A G C, |A| = 1, such that 9i = A02- D 


Corollary 3.8. There is one-to-one correspondence between the pure states of a unital C*- 
algebra A associated to the same irreducible representation tt of A in a Hilbert space E and the 
one-dimensional complex subspaces of E, i.e, these pure states constitute a projective Hilbert 
space PE. □ 

There is an additional important criterion of equivalence of pure states of a unital C*-algebra 

m- 


Theorem 3.9. Pure states / and f of a unital C'*-algebra are equivalent if ||/ — f'\\ <2. □ 

Let P{A) denote a set of pure states of a unital C'*-algebra A. Theorem l3.Gl implies a surjection 
P(A) — >■ A. One can show that, if P{A) C A' is provided with a relative weak* topology, this 
surjection is continuous and open, i.e., it is a topological fibre bundle whose fibres are projective 
Hilbert spaces [18]. 

Turning to a set E(A) of states of a unital algebra C'*-algebra A, we have the following. 

Theorem 3.10. A set E(A) is a weakly*-closed convex hull of a set P(A) of pure states of A. 
It is weakly* compact [18]. □ 

Herewith, by virtue of Theorem l3.101 any set of mutually inequivalent pure states of a unital 
C*-algebra is totally disconnected in a normed topology, i.e., its connected components are points 
only. 

By virtue of Theorem 13.21 elements of a quantum algebra A can not perform invertible 
transitions between its inequivalent states. At the same time, one can show the following. 


Theorem 3.11. There exists a wider unital C'*-algebra such that inequivalent states of A become 
its equivalent ones. □ 

Proof. Let us consider the Hilbert sum irp (13.31) of cyclic representations of A whose carrier 
space is a Hilbert sum 

Ep = © Ef. (3-6) 

F{A) 
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Let B{Ef) be a unital C* algebra of bounded operators in Ep (13.611 . Since the representation 
TTF of A is exact, an algebra A is isomorphic to a subalgebra of B{Ef)- Any state / of A is 
equivalent to a vector state of Try (A) which also is that of B{Ef)- Since all vector states of 
B{Ef) are equivalent, all states of A are equivalent as those of B{Ef)- <C> 

An algebra B{Ef) contains the projectors Pj onto summands Ej of Ep (13.61) . Let r(/) be 
some real function on F{A). Then there exists a bounded operator in Ep (13.61) . which we denote 

T=J2r{f)Pf, (3.7) 

F(A) 

such that its restriction to each summand Ef of Ep is r{f)Pf. Certainly, this operator belongs 
to the commutant TTF{Ay of 'Kf{A) in B{Ef). 

One can think of T dSH) as being a superselection operator of a quantum system which 
distinguish its states m- 

4 Example. Infinite qubit systems 

Let Q be a two-dimensional complex space equipped with the standard positive non-degenerate 
Hermitian form (.|.) 2 - Let M 2 be an algebra of complex 2 x 2-matrices seen as a C'*-algebra. 

m 

A system of m qubits is usually described by a Hilbert space E^ = 0 Q and a C'*-algebra 

m 

Am = <8 M 2 , which coincides with the algebra B{Em) of bounded operators in Em [21]. One can 

straightforwardly generalize this description to an infinite set S of qubits by analogy with a spin 

lattice [1011121120] • Its algebra A 5 admits inequivalent irreducible representations. 

We follow the construction of infinite tensor products of Hilbert spaces and C'*-algebras in pO] . 

Let {Qs, s G S'} be a set of two-dimensional Hilbert spaces Qs = C^. Let x be a complex 

vector space whose elements are finite linear combinations of elements {qs} of the Cartesian 

product b Qs of the sets Qs- A tensor product 0 Qs of complex vector spaces Qs is the quotient 
S S 

of X Qs with respect to a vector subspace generated by elements of the form: 

s 

• {(7s} + ~ {9 s7i where Qr + q'r = 1°'' some element r G S and Qs = q's = q'^ for all the 

others, 

• {?«} ~ G C, where qr = Ag} for some element r G S and qs = q's for all the others. 

Civen a map 

a-.S^Q, , (cr(s)|cr(s ))2 = 1, (4.1) 

let us consider an element 

= (ds = (t(s)} G n Q- (4-2) 

s 

Let us denote ( 8 )‘^Qs the subspace of 0 Qs spanned by vectors (g)qs where qs A Os only for a finite 

s 

number of elements s G S. It is called the d^-tensor product of vector spaces Qs, s G S. Then 
®'^Qs is a pre-Hilbert space with respect to a positive non-degenerate Hermitian form 

sGS 

Its completion Qg is a Hilbert space whose orthonormal basis consists of the elements Cir = (E>qs, 
r G S, i = 1,2, such that qs^r = Os and qr = Ci, where {ci} is an orthonormal basis for Q. 
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Let now {As,s G be a set of unital C*-algebras As = M 2 . These algebras are provided 
with the operator norm 

||fl|| = + AiAi + A 2 A 2 + AsAs)^^^, a = iAqI + ^ ^ A^t*, 

i=l,2,3 

where t* are the Pauli matrices. Given the family {Is}, let us construct the (Isj-tensor product 
®yls of vector spaces Ag. One can regard its elements as tensor products of elements of Qg € As, 
s G K, ior finite subsets K oi S and of the identities Is, sGS'\i4r. Itis easily justified that OAg 
is a normed *-algebra with respect to the operations 

((g)as)((8)a^) = <Si{asa'^), (Oos)* = Oa* 


and a norm 


iioasii=nii«^ii- 

S 

Its completion As is a C'*-algebra treated as a quantum algebra of a qubit system modelled over 
a set S. Then the following holds |20) . 

Theorem 4.1. Given the element = {0s} (14.2L the natural representation of a *-algebra 
OAs in the pre-Hilbert space ®'^Qs is extended to an irreducible representation of a C'*-algebra 
in the Hilbert space Qg such that ^^{As) = B{Qg) is an algebra of all bounded operators 
in Qg. Gonversely, all irreducible representations of As are of this type. □ 

An element do- G Qs in Theorem 14.11 defines a pure state fa of an algebra As- Gonsequently, 
a set of pure states of this algebra is a set of maps a dm. 

Theorem 4.2. Pure states fa and fa' of an algebra As are equivalent iff 

^ ||(cr(s)|cr'(s)) 2 | - 1| < 00. (4.3) 


In particular, the relation (14.3|) holds if maps a and a' differ from each other on a finite subset 
of 5'. 

By analogy with a Higgs vacuum, one can treat the maps a dm as classical vacuum fields. 


5 Example. Locally compact groups 

Let G be a locally compact group provided with a Haar measure (Section 14.4). A space Lc(G) of 
equivalence classes of complex integrable functions (or, simply, complex integrable functions) on 
G is an involutive Banach algebra (Section 14.3) with an approximate identity. As was mentioned 
above, there is one-to-one correspondence between the representations of this algebra and the 
strongly continuous unitary representations of a group G fTheorem 15.11) . Thus, one can employ 
the GNS construction in order to describe these representations of G [181124]. 

Let a left Haar measure dg on G hold fixed, and by an integrability condition throughout is 
meant the dg-integrability. 

A uniformly (resp. strongly) continuous unitary representation of a locally compact group 
G in a Hilbert space A is a continuous homeomorphism tt of G to a subgroup U{E) C B{E) of 
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unitary operators in E provided with the normed (resp. strong) operator topology. A uniformly 
continuous representation is strongly continuous. However, the uniform continuity of a repre¬ 
sentation is rather rigorous condition. For instance, a uniformly continuous irreducible unitary 
representation of a connected locally compact real Lie group is necessarily finite-dimensional. 
Therefore, one usually studies strongly continuous representations of locally compact groups. 

In this case, any element ^ of a carrier Hilbert space E yields the continuous map G 3 g ^ 
Tr{g)^ € E. Since strong and weak operator topologies on a unitary group U{E) coincide, we 
have a bounded continuous complex function 


(5-1) 

on G for any fixed elements G E. It is called the coefficient of a representation tt. There is 
an obvious equality 

‘Pi,via) = Pv,i(9~'^)- 

The Banach space L^^iG) of integrable complex functions on G is provided with the structure 
of an involutive Banach algebra with respect to the contraction /i * /2 ()14.25ll and the involution 

/(5)^r(5) = A(ff-i)7(^, 


where A is the modular function of G. It is called the group algebra of G. A map / —>■ f{g)dg 
defines an isometric monomorphism of Lf,{G) to a Banach algebra (G, C) of bounded complex 
measures on G provided with the involution g* = Unless otherwise stated, L^{G) will 

be identified with its image in M^{G,C). In particular, a group algebra L^{G) admits an 
approximate identity which converges to the Dirac measure ei G M^(G,C). 

Remark 5.1. The group algebra Lj,{G) is not a G*-algebra. Its enveloping G*-algebra G*(G) 
is called the G*-algebra of a locally compact group G. <C> 


Unitary representations of a locally compact group G and representations of a group algebra 
L^{G) are related as follows [15] . 

Theorem 5.1. There is one-to-one correspondence between the (strongly continuous) unitary 
representations tt of a locally compact group G and the representations (15.31) of its group 
algebra Lf.(G). □ 

Proof. Let tt be a (strongly continuous) unitary representation of G in a Hilbert space E. 
Given a bounded positive measure g, on G, let us consider the integrals 



{•^{9)i\v)p 


of the coefficient functions ip^,rj{9) (|5.ip for all ^,r] G E. There exists a bounded operator 
7 r(^) G B{E) in E such that 




It is called the operator-valued integral oi Tr{g) with respect to the measure g, and is denoted by 


Tr{g) 


= j T^{9)p{9)- 


(5.2) 


14 






The assignment /i —>■ 7 r(^) provides a representation of a Banach *-algebra in E. Its 

restriction 

= J '^ig)fi9)dg B{E) (5.3) 

to L^{G) is non-degenerate. One says that the representations (15.21) of M^{G,C) and (15.31) of 
Ll-{G) are determined by a unitary representation tt of G. Conversely, let tt^ be a representation 
of a Banach *-algebra L}^{G) in a Hilbert space E. There is a monomorphism g ^ Eg oi a, group 
G onto a subgroup of Dirac measures Eg, 5 G G, of an algebra M^{G, C). Let {ui,{q)}i,^i be an 
approximate identity in L^{G). Then converges to an element of B{E) which can be 

seen as a representation 7 r^(ei) of the unit element Ei of M^(G, C). Accordingly, {'n'^{'y{g)ui,)} 
converges to 7 r^(eg). Thereby, we obtain the (strongly continuous) unitary representation 7 r(g) = 
7 r^(£:g) of a group G in a Hilbert space E. Moreover, the representation (15.31) of Lc(^) determined 
by this representation tt of G coincides with the original representation tt^ of L^(G). <(> 

Moreover, tt and tt^ have the same cyclic vectors and closed invariant subspaces. In particular, 
a representation tt^ of L^{G) is topologically irreducible iff the associated representation tt of G 
is so. It should be emphasized that, since L^{G) is not a G*-algebra, its topologically irreducible 
representations need not be algebraically irreducible. By irreducible representations of a group 
G, we will mean only its topologically irreducible representations. 

Theorem [5T] enables us to apply the GNS construction fTheorem l2.7l) in order to characterize 
unitary representations of G by means of positive continuous forms on LUG)- 

In accordance with Remark 114.71 a continuous form on a group algebra LUG) is defined as 

Uf) = J Ug)f{9)dg (5.4) 

by an element of a space L'^iG) of infinite integrable complex functions on G fRemark lI4.7l) . 
However, a function ip should satisfy the following additional condition in order that the form 
(15.41) to be positive. 

A continuous complex function ^ on G is called positive-definite if 

> 0 

id 

for any finite set 51 ,..., g^ of elements of G and any complex numbers Ai,..., Am. In particular, 
if m = 2 and 51 = 1, we obtain 

^( 5 "^) = V'(5), l'0l(5) < V')!), g&G, 

i.e., tpil) is bounded. 

Lemma 5.2. The continuous form (15.41) on LUG) is positive iS ip G L’^{G) locally almost 
everywhere equals a continuous positive-definite function. □ 

Then cyclic representations of a group algebra LUG) and the unitary cyclic representations 
of a locally compact group G are defined by continuous positive-definite functions on G in accor¬ 
dance with the following theorem. 

Theorem 5.3. Let be a representation of LUG) in a Hilbert space E.^ and 9^ a cyclic vector 
for TT^ which are determined by the form (15.4|) . Then the associated unitary representation 
of G in is characterized by a relation 

i’ig) = (5-5) 
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Conversely, a complex function ijj on G is continuous positive-definite iff there exists a unitary 
representation Try, of G and a cyclic vector 6 ^ for Try, such that the equality (15.5|) holds. □ 

By analogy with a Higgs vacuum, one can think of functions ip in Theorem 15.31 as being 
classical vacuum fields. 

Example 5.2. Let a group G acts on a Hausdorff topological space Z on the left. Let /r be a 
quasi-invariant measure on Z under a transformation group G, i.e., 'y{g)fi = hg^ where hg is the 
Radon-Nikodym derivative in Theorem 114.II Then there is a representation 

G3g:f^U{g)f, iUig)f){z) = hl/\z)figz) (5.6) 

of G in a Hilbert space L^{Z,g,) of square /i-integrable complex functions on Z [17) . It is a 
unitary representation due to the equality 

ll/IU = y \f{z)\giz) = J \f{g{z)\^^i{g{z)) = J hg{z)\f{g{z)\'^g,{z) = \\U{g)f\\l. 

A group G can be equipped with the coarsest topology such that the representation (15.61) is 
strongly continuous. For instance, let Z = G be a locally compact group, and let g, = dg he a 
left Haar measure. Then the representation (15.6)1 comes to the left-regular representation 

illig)f )iq) = f{g-^q), f G L^G), q G G, (5.7) 

of G in a Hilbert space L'^{G) of square integrable complex functions on G. Note that the above 
mentioned coarsest topology on G is coarser then the original one, i.e., the representation (EZD 
is strongly continuous. □ 

Let us consider unitary representations of a locally compact group G which are contained in 
its left-regular representation (EZl). In accordance with the expression (15.21) . the corresponding 
representation n(/i) of a group algebra L}^{G) in L'^{G) reads 

(Il{h)f){q) = j h{g)(Il{g)f){q)dg = j h{g)f{g-^q)dg = {h* /)((?). (5.8) 

Let G be a unimodular group. There is the following criterion that its unitary representation 
is contained in the left-regular one. 

Theorem 5.4. If a continuous positive-definite function ip on a unimodular locally compact 
group G is square integrable, then the representation Try, of G determined by ip is contained in 
the left-regular representation H (15.71) of G. Conversely, let tt be a cyclic unitary representation of 
G which is contained in H, and let 0 be a cyclic vector for tt. Then a continuous positive-definite 
function {Tr{g)9\0) on G is square integrable. □ 

The representation Try, in Theorem 15.41 is constructed as follows. Given a square integrable 
continuous positive-definite function ip on G, there exists a positive-definite function 0 G L'^{G) 
such that 


'iP = 0^0 = 0^0*=0*^0*. 

This is a cyclic vector for Try,. The coefficients (15.11) of a representation Try, read 
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In particular, if representations tt,/, and tt^/, determined by square integrable continuous 
positive-definite functions ip and ip' on G, are irreducible and inequivalent, then the corresponding 
cyclic vectors 0^ and 6 ^i are orthogonal in L’^{G), while the functions ip and ip' fulfil the relations 

j '^'{9)P’{9)dg = 0, ip*ip' = 0. (5.9) 

Now, let G be a connected locally compact (i.e., finite-dimensional) real Lie group. Any 
unitary representation of G yields a representation of its right Lie algebra g as follows. In 
particular, a finite-dimensional unitary representation of G in a Hilbert space E is analytic, and 
a Lie algebra g is represented by bounded operators in E. 

If TT is an infinite-dimensional (strongly continuous) unitary representation of G in a Hilbert 
space E, a representation of a Lie algebra g fails to be defined everywhere on E in general. To 
construct a carrier space of g, let us consider a space /C°“(G, C) C L}^{G) of smooth complex 
functions on G of compact support and the vectors 

Cf = 7r^{f)e = j nig) f{g)edg, e&E, feJC°^{G,C), (5.10) 

where tt^ is the representation (|5.3I) of a group algebra Lj.{G) [IH]. The vectors e/ (15.101) 
exemplify smooth vectors of the representation tt because, for any g £ E, the coefficients ipe^^^{g) 
of TT are smooth functions on G. The vectors e/ (I5.10|) for all e G G and / G /C°°(G, C) constitute 
a dense vector subspace E^o of E. Let Ua be a right-invariant vector field on G corresponding to 
an element o G g. Then the assignment 

7roo(a) : e/ -K^{ua\df)e 

provides a representation of a Lie algebra g in Eaa- 

6 GNS construction. Unbounded operators 

There are quantum algebras (e.g., of quantum fields) whose representations in Hilbert spaces need 
not be normed. Therefore, generalizations of the conventional GNS representation of G*-algebras 
fTheorem 12.71) to some classes of unnormed topological *-algebras has been studied [^Tl [?71157] . 

In a general setting, by an operator in a Hilbert (or Banach) space E is meant a linear 
morphism a of a dense subspace D{a) of E to E. The D{a) is called the domain of an operator 
a. One says that an operator b on D{b) is an extension of an operator a on D{a) if D{a) C E(b) 
and 5|_D(a) = o- For the sake of brevity, we will write a C b. An operator a is said to be bounded 
on D{a) if there exists a real number r such that 

||ae|| < r||e||, e£D{a). 

If otherwise, it is called unbounded. Any bounded operator on a domain D{a) is uniquely 
extended to a bounded operator everywhere on E. 

An operator a on a domain D(a) is called closed if the condition that a sequence {ci} C D{a) 
converges to e G A and that the sequence {aci} does to e' £ E implies that e G D{a) and e' = ae. 
Of course, any operator defined everywhere on E is closed. An operator a on a domain D(a) is 
called closable if it can be extended to a closed operator. The closure of a closable operator a is 
defined as the minimal closed extension of a. 
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Operators a and b in E are called adjoint if 

{ae\e) = (e|&e'), e G D{a), e G D{h). 

Any operator a has a maximal adjoint operator a*, which is closed. Of course, a C a** and 
b* C a* if a C b. An operator a is called symmetric if it is adjoint to itself, i.e., a C a*. Hence, a 
symmetric operator is closable. One can obtain the following chain of extensions of a symmetric 
operator: 

a C a C a C a = a = a 

In particular, if a is a symmetric operator, so are a and a**. At the same time, the maximal 
adjoint operator a* of a symmetric operator a need not be symmetric. A symmetric operator a 
is called self-adjoint if a = a*, and it is called essentially self-adjoint if a = a* = a*. It should be 
emphasized that a symmetric operator a is sometimes called essentially self-adjoint if a** = a*. 
We here follow the terminology of [H]. If a is a closed operator, the both notions coincide. For 
bounded operators, the notions of symmetric, self-adjoint and essentially self-adjoint operators 
coincide. 

Let A be a Hilbert space. A pair {B,D) of a dense subspace D of E and a unital algebra B 
of (unbounded) operators in E is called the Op*-algebra (0*-algebra in the terminology of [57]) 
on a domain D if, whenever 5 G H, we have [27l (i) D{b) = D and bD C D, (ii) D C D(b*), 

(iii) b*\D C B. An algebra B is provided with the involution b ^ b^ = h*\D: and its elements 
are closable. 

A representation 7r(A) of a *-algebra A in a Hilbert space E is defined as a homomorphism 
of A to an Op*-algebra {B,D['k)) of (unbounded) operators in E such that D['k) = D{'K{a)) for 
all a G A and this representation is Hermitian, i.e., 7r(a*) C 7r(a)* for all a G A. In this case, one 
also considers the representations 

7f : a ^ 7r(a) = 7r(a)|D(^), D{7f) = Q H(7r(a)), 

aeA 

TT* : a-)> 7r*(a) = 7r(a*)*|£,(^.), D{tt*) = Q i:)(7r(a)*), 

called the closure of a representation tt, and the adjoint representation, respectively. There 
are the representation extensions tt C W C tt*, where tti C tt 2 means D{'Ki) C D{tt 2 ). The 
representations tt and tt** are Hermitian, while tt* = If*. A Hermitian representation 7r(A) is 
said to be closed if tt = ¥, and it is self-adjoint if tt = tt*. Herewith, a representation 7r(A) is 
closed (resp. self-adjoint) if one of operators 7r(A) is closed (resp. self-adjoint). 

A representation domain D{tt) is endowed with the graph-topology. It is generated by neigh¬ 
borhoods of the origin 

U{M,e) = {a: G D{'k) : ^ ||7r(a)a;|| < e}, 

aGM 

where M is & finite subset of elements of A. All operators of 7r(A) are continuous with respect 
to this topology. Let us note that the graph-topology is finer than the relative topology on 
D{Tr) C E, unless all operators 7r(a), a G A, are bounded [57] . 

Let denote the closure of a subset N C D{Tr) with respect to the graph-topology. An 
element 9 G 77 (tt) is called strongly cyclic (cyclic in the terminology of [57]) if 

D^tt) C {tt{A)9)^. 
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Then the GNS representation Theorem 12.71 can be generalized to Theorem 1 1.1 1 1271 [57] . 

Similarly to Remark l3.ll we say that representations tti and 7 r 2 of a *-algebra A are equivalent 
if there exists an isomorphism 7 of their carrier spaces such that 

D( 7 ri) = j(D( 7 r 2 )), 7ri(a) = 7 o 7r2(a) o 7“^, a £ A. 

In particular, if representations are equivalent, their kernels coincide with each other. 

Accordingly, states / and /' of a unital topological *-algebra A in Theorem 11.11 are called 
equivalent if they define equivalent representations tt/ andvr//. 

By analogy with Theorem 13.21 one can show the following. 

Theorem 6.1. Positive continuous forms / and f on a unital topological *-algebra A are 
equivalent if there exist elements b,b' £ A such that 

/'(a) = f{b^ab), f{a) = /'( 6 '+a 6 '), a £ A. 


□ 

We point out the particular class of nuclear barreled *-algebras. Let A be a locally convex 
topological *-algebra whose topology is defined by a set of multiplicative seminorms which 
satisfy the condition 

p,{a*a) = a £ A. 

It is called a &*-algebra. A unital 6 *-algebra as like as a C'*-algebra is regular and symmetric, 
i.e., any element (1 + a*a), a G A, is invertible and, moreover, (1 + a*a)~^ is bounded [ T 11 ^. 
The 6 *-algebras are related to C'*-algebras as follows. 

Theorem 6.2. Any 6 *-algebra is the Hausdorff projective limit of a family of C'*-algebras, and 
vice versa [ 2 ^. □ 

In particular, every C'*-algebra A is a barreled &*-algebra, i.e., every absorbing balanced closed 
subset is a neighborhood of the origin of A. 

Let us additionally assume that A is a nuclear algebra, i.e., a nuclear space (Section 14.2). 
Then we have the following variant of the GNS representation Theorem ll.il [29] 

Theorem 6.3. Let A be a unital nuclear barreled 6 *-algebra and / a positive continuous form 
on A. There exists a unique (up to unitary equivalence) cyclic representation Try of A in a Hilbert 
space Ay by operators on a common invariant domain A C Ay. This domain can be topologized 
to conform a rigged Hilbert space such that all the operators representing A are continuous on 
D. □ 

Example 6.1. The following is an example of nuclear barreled 6 *-algebras which is very 
familiar from quantum field theory |48l|49l|5T]. Let Q be a nuclear space (Section 14.2). Let us 
consider a direct limit 

§(5 = c©(3©(5®(3©---©(5®”©--- (6.1) 

of vector spaces 

g-”Q = c©(5©(3©(3©---©(5®"', (6.2) 

where © is the topological tensor product with respect to Grothendieck’s topology (which coin¬ 
cides with the ^-topology on the tensor product of nuclear spaces [41]). The space (lO) is provided 
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with the inductive limit topology, the finest topology such that the morphisms 0“ Q —^ are 

continuous and, moreover, are imbeddings |61j . A convex subset V of is a neighborhood of 
the origin in this topology iff V fl is so in ®~^Q. Furthermore, one can show that ®Q 

is a unital nuclear barreled LF-algebra with respect to a tensor product [4j. The LF-property 
implies that a linear form / on ®Q is continuous iff the restriction of / to each Q is so m- 
If a continuous conjugation * is defined on Q, the algebra 0(5 is involutive with respect to the 
operation 

* (gi 0 • • • 0 g„) = 0 • • • 0 91 (6.3) 

on (5®” extended by continuity and linearity to (5®". Moreover, 0(5 is a 5*-algebra as follows. 
Since (5 is a nuclear space, there is a family ||.||fc, k € N+, of continuous norms on Q. Let Qk 
denote the completion of Q with respect to the norm ||.||fe. Then one can show that the tensor 
algebra 0(5fe is a (7*-algebra and that 0(5 iH) is a projective limit of these (7*-algebras with 
respect to morphisms 0(5fc+i —>■ 0(5fe EH]- Since 0(5 (16.11) is a nuclear barreled 6*-algebra, it 
obeys GNS representation Theorem 16.31 Herewith, let us note that, due to the LF-property, a 
positive continuous form / on 0(5 is defined by a family of its restrictions /„ to tensor products 

<!( jx 

0“ Q. One also can restrict a form / and the corresponding representation ttj to a tensor 
algebra 

Aq = 0 Q c 0Q (6.4) 

of Q. However, a representation 7 rf{AQ) of Aq in a Hilbert space Ef need not be cyclic. □ 

In quantum field theory, one usually choose Q the Schwartz space of functions of rapid decrease 
(Sections 9 and 10). 

7 Example. Commutative nuclear groups 

Following Example 16.II in a case of a real nuclear space Q, let us consider a commutative tensor 
algebra 

n 

Hq=IR©Q©QvQ©---©VQ0 ---. (7.1) 

Provided with the direct sum topology, Bq becomes a unital topological *-algebra. It coincides 
with the universal enveloping algebra of the Lie algebra Tg of an additive Lie group T{Q) of 
translations in Q. Therefore, one can obtain the states of an algebra Bq by constructing cyclic 
strongly continuous unitary representations of a nuclear Abelian group T[Q). 

Remark 7.1. Let us note that, in contrast to that studied in Section 5, a nuclear group T{Q) 
is not locally compact, unless Q is finite-dimensional. •() 

A cyclic strongly continuous unitary representation tt of T{Q) in a Hilbert space (A, (.|.)_e) 
with a normalized cyclic vector 9 £ E yields a complex function 

Z{q) = {7TiTiq))e\e)E 

on Q. This function is proved to be continuous and positive-definite, i.e., Z{0) = 1 and 

Z{qi - qj)Xi><j > 0 

for any finite set qi,... ,qm of elements of Q and arbitrary complex numbers Ai,..., Am. 
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In accordance with the well-known Bochner theorem for nuclear spaces tTheorem ll4.4ll . any 
continuous positive-definite function Z(q) on a nuclear space Q is the Fourier transform 

Z{q) = J exp[i{q,u)]fj.{u) (7.2) 

of a positive measure /i of total mass 1 on the dual Q' of Q. Then the above mentioned repre¬ 
sentation TT of T{Q) can be given by the operators 

Tz{q)p{u) = exp[i{q,u)]p{u) (7.3) 

in a Hilbert space L^{Q', p,) of equivalence classes of square ^-integrable complex functions p{u) 
on Q'. A cyclic vector 9 of this representation is the ^-equivalence class 6 1 of a constant 

function p{u) = 1. Then we have 

Z{q) = {Tziq)0\9)^ = J exp[i{q,u)]p. (7.4) 

Conversely, every positive measure p of total mass 1 on the dual Q' of Q defines the cyclic 
strongly continuous unitary representation (1731) of a group T[Q). By virtue of the above men¬ 
tioned Bochner theorem, it follows that every continuous positive-definite function Z{q) on Q 
characterizes a cyclic strongly continuous unitary representation (1731) of a nuclear Abelian group 
T{Q). We agree to call Z{q) the generating function of this representation. 

Remark 7.2. The representation (j7.3p need not be topologically irreducible. For instance, let 
p{u) be a function on Q' such that a set where it vanishes is not a ^-null subset of Q'. Then the 
closure of a set Tz{Q)p is a T((5)-invariant closed subspace of L'^{Q',p). <C> 

Different generating functions Z{q) determine inequivalent representations Tz (|7.3p of T{Q) 
in general. One can show the following |22) . 

Theorem 7.1. Distinct generating functions Z{q) and Z'{q) determine equivalent representa¬ 
tions Tz and Tz' (1731) of T{Q) in Hilbert spaces L^{Q', p) and L^{Q', p') iff they are the Fourier 
transform of equivalent measures on Q'. □ 

Indeed, let 

p' = s^p, (7.5) 

where a function s(m) is strictly positive almost everywhere on Q', and p{s‘^) = I. Then the map 

LciQ'T P-') 3 Pi^) s{u)p{u) € Lq{Q',p) (7.6) 

provides an isomorphism between the representations Tz' and Tz- 

Similarly to the case of finite-dimensional Lie groups (Section 4), any strongly continuous 
unitary representation (1731) of a nuclear group T{Q) implies a representation of its Lie algebra 
by operators 

(t){q)p{u) = {q,u)p{u) (7.7) 

in the same Hilbert space L^{Q',p). Their mean values read 

(</>('?)) = we((/-(g)) = ((/>(g)) = j{q, u)p{u). (7.8) 
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The representation (I7.7|) is extended to that of the universal enveloping algebra Bq (17.11) . 

Remark 7.3. Let us consider representations of T{Q) with generating functions Z{q) such 
that M 9 t —>■ Z{tq) is an analytic function on R at t = 0 for all g G Q. Then one can show that 
a function {q\u) on Q' is square /i-integrable for all g G Q and that, consequently, the operators 
4>{q) (17.71) are bounded everywhere in a Hilbert space Moreover, the corresponding 

mean values of elements of Bq can be computed by the formula 

(Hqi) ■ ■ ■ (l^{qn)) = = J (7.9) 

❖ 


8 Infinite canonical commutation relations 

The canonical commutation relations (CCR) are of central importance in AQT as a method 
of canonical quantization. A remarkable result about CCR for finite degrees of freedom is the 
Stone-von Neumann uniqueness theorem which states that all irreducible representations of these 
CCR are unitarily equivalent [40]. On the contrary, CCR of infinite degrees of freedom admit 
infinitely many inequivalent irreducible representations Ell- 

One can provide the comprehensive description of representations of CCR modelled over an 
infinite-dimensional nuclear space Q [521 EH SH] ■ 

Let Q be a real nuclear space endowed with a non-degenerate separately continuous Hermitian 
form (.|.). This Hermitian form brings Q into a Hausdorff pre-Hilbert space. A nuclear space 
Q, the completion Q of a pre-Hilbert space Q, and the dual Q' of Q make up the rigged Hilbert 
space Q <z Q <Z Q' (|14.8p . 

Let us consider a group G{Q) of triples g = (gi,g 2 ,A) of elements qi, q 2 of Q and complex 
numbers A, |A| = 1, which are subject to multiplications 

(91,92, A)(g'i,g2, A') = (gi -f g(, gz + 92, exp[f(92, 9'i)]AA'). (8.1) 

It is a Lie group whose group space is a nuclear manifold modelled over a vector space W = 
Q © Q © R. Let us denote T(g) = (g, 0,0), P{q) = (0, g,0). Then the multiplication law (18.111 
takes a form 

T(g)r(g') = T(g + g'), P{q)P{q') = P{q + q'), P{q)T{q') = exp[z{q\q')]T(q')P(q). (8.2) 

Written in this form, G{Q) is called the nuclear Weyl CCR group. 

The complexified Lie algebra of a nuclear Lie group G{Q) is the unital Heisenberg CCR 
algebra 0 (Q). It is generated by elements /, (('(g), 7r(g), q & Q, which obey the Heisenberg CCR 

[^(9), I] = 7r(g), /] = [(('(g), ((>(g')] = [7r(g), 7r(g')] = 0, [7r(g), (j){q')] = -i(g|g')/. (8.3) 

There is the exponential map 

r(g) = exp[f(()(g)], P(g) = exp[i7r(g)]. 

Due to the relation (114.711 . the normed topology on a pre-Hilbert space Q defined by a Her¬ 
mitian form (.|.) is coarser than the nuclear space topology. The latter is metric, separable 
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and, consequently, second-countable. Hence, a pre-Hilbert space Q also is second-countable and, 
therefore, admits a countable orthonormal basis. Given such a basis {g^} for Q, the Heisenberg 
CCR (18.31) take a form 

= 7r(gj),/] = [0(gj),0(gfc)] = [7r(gfe), 7r(gj)] = 0, [7r(gj), (?i(g/c)] = -iSjkl- 

A Weyl CCR group G{Q) contains two nuclear Abelian subgroups T{Q) and P{Q). Following 
the representation algorithm in |22] , we first construct representations of a nuclear Abelian group 
T{Q). Then these representations under certain conditions can be extended to representations 
of a Weyl CCR group G{Q). 

Following Section 7, we treat a nuclear Abelian group T{Q) as being a group of translations 
in a nuclear space Q. Let us consider its cyclic strongly continuous unitary representation Tz 
(USD in a Hilbert space , fi) of equivalence classes of square /i-integrable complex functions 

p{u) on the dual Q' of Q which is defined by the generating function Z (17.21) . This representation 
can be extended to a Weyl CCR group G{Q) if a measure fj, possesses the following property. 

Let Uq, q £ Q, he an element of Q' given by the condition {q',Uq) = {q'\q), q' £ Q- These 
elements form the range of a monomorphism Q ^ Q' determined by a Hermitian form (.|.) on 
Q. Let a measure p in the expression (ESI) remain equivalent under translations 

Q ^ U —)■ U Uq £ Q , Uq £ Q d Q ^ 

in Q\ i.e., 

p{u + Uq) = a^{q,u)fi{u), Uq £ Q C Q', (8.4) 

where a function a{q,u) is square /r-integrable and strictly positive almost everywhere on Q'. 
This function fulfils the relations 

a(0, u) = l, a{q + q',u) = a{q,u)a{q',u + Uq). (8.5) 

A measure on Q' obeying the condition (18.41) is called translationally quasi-invariant, though it 
does not remain equivalent under an arbitrary translation in Q', unless Q is finite-dimensional. 

Let the generating function Z (EH) of a cyclic strongly continuous unitary representation of 
a nuclear group T{Q) be the Fourier transform of a translationally quasi-invariant measure p, on 
Q'. Then one can extend the representation El of this group to a unitary strongly continuous 
representation of a Weyl CCR group G{Q) in a Hilbert space L'^{Q', p) by the operators (j5.6l) in 
Example 15.21 These operators read 

Pz{q)p{u) = a{q, u)p{u + Uq). ( 8 . 6 ) 

Herewith, the following is true. 

Theorem 8.1. Equivalent representations of a group T{Q) are extended to equivalent represen¬ 
tations of a Weyl CCR group G{Q). □ 

Proof. Let p' (17.51) be a /r-equivalent positive measure of total mass 1 on Qb The equality 
p'{u -I- Uq) = s~'^{u)a^{q, u)s^{u + Uq)p'{u) 

shows that it also is translationally quasi-invariant. Then the isomorphism (|7.6I) between repre¬ 
sentations Tz and Tz' of a nuclear Abelian group T[Q) is extended to the isomorphism 

Pz'{q) = s~^Pziq)s : p{u) -)> s~^{u)a{q, u)s{u Uq)p{u Uq) 
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of the corresponding representations of a Weyl CCR group G{Q). 


0 

Similarly to the case of finite-dimensional Lie groups (Section 4), any strongly continuous 
unitary representation Tz (US, Pz (18.61) of a nuclear Weyl CCR group G{Q) implies a repre¬ 
sentation of its Lie algebra fl(Q) by (unbounded) operators in the same Hilbert space L^{Q',^) 
PH 133] . This representation reads 

(j){q)p{u) = {q,u)p{u), TT{q)p{u) =-i{8 q + iq{q,u))p{u), (8.7) 

Sqp{u) = \iuYa~"^[p(u + auq) — p{u)\, a G K., 
a—fO 

r]{q,u) = lim [a(ag, m) — 1]. (8.8) 

a —>^0 

It follows at once from the relations (18.51) that 

SqSqf =6q^6q, Sq{q{q', u)) = 6q> {r]{q, u)) , 

Sq = -5-q, Sq{{q',u)) = (q'\q), 

7y(0, u)=0, u€Q', 5q6 = 0, qGQ. 

Then it is easily justified that the operators (18.71) fulfil the Heisenberg CCR (18.3|) . The unitarity 
condition implies the conjugation rule 

{q,u)* = {q,u), Sq =-Sq -2r]{q,u). 

Hence, the operators (18.71) are Hermitian. 

The operators 7r(q) (18.7L unlike (j){q), act in a subspace Eoc of all smooth complex functions 
in L‘^{Q', p) whose derivatives of any order also belongs to L'^{Q', p). However, Eoc need not be 
dense in a Hilbert space L^{Q',p), unless Q is finite-dimensional. 

A space Eoc also is a carrier space of a representation of the universal enveloping algebra 
0(Q) of a Heisenberg CCR algebra g(Q). The representations of siQ) and ^(Q) in Eoc need 
not be irreducible. Therefore, let us consider a subspace Eg = g{Q)9 of Eoc, where 0 is a cyclic 
vector for a representation of a Weyl CCR group in p). Obviously, a representation of a 

Heisenberg CCR algebra 0((5) in Eg is algebraically irreducible. 

One also introduces creation and annihilation operators 

a^{q) = ^[())(q) T*7r(g)] = -^[^5qT ■q{q,u) + {q,u)]. (8.9) 

They obey the conjugation rule (a^(q))* = a^(g) and the commutation relations 

[a"(g),a+(g')] = {qW)'^, [a’^(9), a+(g')] = [a~ {q),a~{q')] = 0. 

The particle number operator in a carrier space Eg is defined by conditions 

[A^,a=^(g)] = ±a^{q) 

up to a summand Al. With respect to a countable orthonormal basis {qk}, this operator N is 
given by a sum 

N = ^a^{qk)a~{qk), (8.10) 

k 

but need not be defined everywhere in Eg^ unless Q is finite-dimensional. 
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Gaussian measures given by the Fourier transform (114.281) exemplify a physically relevant 
class of translationally quasi-invariant measures on the dual Q' of a nuclear space Q. Their 
Fourier transforms obey the analiticity condition in Remark 17.31 

Let fiK denote a Gaussian measure on Q' whose Fourier transform is a generating function 

Zk = exp[-^MK{q)] ( 8 . 11 ) 

with the covariance form 

MKiq) = {K-^q\K-^q), ( 8 . 12 ) 

where iF is a bounded invertible operator in the Hilbert completion Q oi Q with respect to a 
Hermitian form (.|.). The Gaussian measure fix is translationally quasi-invariant, i.e., 

fixiu + Uq) = a\{q, u)^ik{u). 

Using the formula (17.9L one can show that 

aK{q,u) = exp[-^Mx{Sq) - i(S'g,u)], (8.13) 

where S = KK* is a bounded Hermitian operator in Q. 

Let us construct a representation of a GCR algebra fl(Q) determined by the generating func¬ 
tion Zk (|8.11I) . Substituting the function (18.131) into the formula (18.8p . we obtain 

tliq^u) = -]^{Sq,u). 

Hence, the operators (j)(q) and ^{q) (18.71) take a form 

(t>{q) = {q,u), ^{q) =-i{5q-]^{Sq,u)). (8.14) 

Accordingly, the creation and annihilation operators (18.91) read 

a^{q) = -^[TSq ± ^{Sq, u) + {q, m)]. (8.15) 

They act on the subspace Eg, 9 1, of a Hilbert space L^{Q', and they are Hermitian 

with respect to a Hermitian form (.|.)^j^ on L'^(Q', ^jlk)- 

Remark 8.1. If a representation of GGR is characterized by the Gaussian generating function 
(18.111) . it is convenient for a computation to express all operators into the operators 5q and 4 >{q)^ 
which obey commutation relations 


[5q,M)] = {q'\q). 


For instance, we have 

7r(g) = -iSq - ^((>(S'g). 

The mean values {4>{,qi) ■ ■ ■ 4'{qn)5q) vanish, while the meanvalues {(t>{qi) ■ ■ ■ 4>{qn)), defined by the 
formula (Trm . obey the Wick theorem relations 

(</'(9i)---0('?n)) = (8-16) 
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where the sum runs through all partitions of a set 1,..., n in ordered pairs (ii < 12 ),... (in-i < 
in), and where 

(0(g)0(q')) = {K-^q\K-\'). 


0 

In particular, let us put K = \/2 • 1. Then the generating function (18.1111 takes a form 


Zpiq) = exp[-i(g|g)], 

and defines the Fock representation of a Heisenberg CCR algebra g{Q)'. 


(8.17) 


ft^iq) = {q,u), '^{q) = -i-{5q 


- {q, u)), 


a (g) 



(8.18) 


Its carrier space is the subspace Eg, 6 1 of the Hilbert space where /rp denotes 

a Gaussian measure whose Fourier transform is (18.171) . We agree to call it the Fock measure. 

The Fock representation (18.181) up to an equivalence is characterized by the existence of a 
cyclic vector 9 such that 

a-(g)6» = 0, geQ. (8.19) 

For the representation in question, this is 9 1. An equivalent condition is that the par¬ 

ticle number operator N (18.101) exists and its spectrum is lower bounded. The corresponding 
eigenvector of N in Eg is 9 itself so that N9 = 0. Therefore, it is treated a particleless vacuum. 

A glance at the expression (j8.15|l shows that the condition (j8.19|l does not hold, unless Zk is 
Zp (|8.17|) . For instance, the particle number operator in the representation (18.151) reads 


N = ^a+(gj)a (qj) = YliSq^Sg^ + Si{qk,u)dq^ + 

3 3 

(4m - ^SlSl^){qk,u){qm,u) - (% - i^j)], 

where {g^} is an orthonormal basis for a pre-Hilbert space Q. One can show that this operator 
is defined everywhere on Eg and is lower bounded only if the operator S' is a sum of the scalar 
operator 2 • 1 and a nuclear operator in Q, in particular, if 

Tr(l - ^-S”) < 00. 

This condition also is sufficient for measures ^lk and /rp (and, consequently, the corresponding 
representations) to be equivalent |22] . For instance, a generating function 

Zc{q) = exp[-y(g|g)], ^ i, 

defines a non-Fock representation of nuclear CCR. 

Remark 8.2. Since the Fock measure /rp on Q' remains equivalent only under translations by 
vectors Uq G Q C Q', the measure 


fXaiu) = fiF^u + a), aGQ'\Q, 
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on Q' determines a non-Fock representation of nuclear CCR. Indeed, this measure is translation- 
ally quasi-invariant: 

fj.a{u + Uq) = u)fj.a{u), aa{q, u) = apiq, u- a), 

and its Fourier transform 


Z„{q) = exp[i{q,a)]ZF{q) 

is a positive-definite continuous function on Q. Then the corresponding representation of a CCR 
algebra is given by operators 

a+{q) = -^{-5q + 2{q,u) - {q,a)), a~{q) = -^{5q + {q,a)). (8.20) 

In comparison with the all above mentioned representations, these operators possess non-vanishing 
vacuum mean values 


{a^{q)0\0)^^ = {q,a). 

If a G Q C Q', the representation (18.201) becomes equivalent to the Fock representation (18.181) 
due to a morphism 


p{u) —>■ exp[—(cr, u)]p{u + a). 


0 


Remark 8.3. Let us note that the non-Fock representation (18.141) of the CCR algebra (I8.3|l in 
a Hilbert space L^{Q', pk) is the Fock representation 

(t>Kiq) = (l>{q) = {q, u), TTKiq) = TT{S~'^q) = -i{Sg - ^{q, u)), = 6s-iq, 

of a CCR algebra {(j)K{q),T^K{q),I}, where 

l^K^q),TTKiq)] = i{K-^q\K-^q')I. 


0 


9 Free quantum fields 

There are two main algebraic formulation of QFT. In the framework of the first one, called local 
QFT, one associates to a certain class of subsets of a Minkowski space a net of von Neumann, 
C*- or Op*-algebras which obey certain axioms n [13 [13 m HU. Its inductive limit is called 
either a global algebra (in the case of von Neumann algebras) or a quasilocal algebra (for a net of 
C'*-algebras). This construction is extended to non-Minkowski spaces, e.g., globally hyperbolic 
spacetimes [T3[I1I13. 

In a different formulation of algebraic QFT with reference to the field-particle dualism, real¬ 
istic quantum field models are described by tensor algebras, as a rule. 

Let Q be a nuclear space. Let us consider the direct limit (ZQ (I5TD of the vector spaces 0 Q 
(16.2p where 0 is the topological tensor product with respect to Grothendieck’s topology. As was 
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mentioned above, provided with the inductive limit topology, the tensor algebra 0(5 m is a 
unital nuclear 6*-algebra lExample lB.m . Therefore, one can apply GNS representation Theorem 
16.31 to it. A state / of this algebra is given by a tuple {/„} of continuous forms on the tensor 
algebra Aq (16.41) . Its value f{q^ ■ ■ ■ g") are interpreted as the vacuum expectation of a system of 
fields g^,..., g". 

In algebraic QFT, one usually choose by Q the Schwartz space of functions of rapid decrease. 

Remark 9.1. By functions of rapid decrease on an Euclidean space M" are called complex 
smooth functions ipi^) such that the quantities 


km= max sup(l + x'^)"^\D°‘'iIj{x)\ 

\A<k X 


(9.1) 


are hnite for all k,m gN. Here, we follow the standard notation 


= 


|q!| — ai + • • • + Un, 


5“ia;i • • 

for an n-tuple of natural numbers a = (oi,... ,a„). The functions of rapid decrease constitute 
a nuclear space S'(M") with respect to the topology determined by the seminorms (I9dl . Its dual 
is a space S'(RA) of tempered distributions [ZlEailT]. The corresponding contraction form is 
written as 

{jp,h)= J i^{x)hix)d^x, hGS'{R'^). 


A space S')®”) is provided with a non-degenerate separately continuous Hermitian form 

(i/'IV'O = J t/’(x)'0'(x)d"x. 

The completion of ^(K”) with respect to this form is a space of square integrable complex 

functions on R". We have a rigged Hilbert space 


^(R") c Tc(®”) C S"(R"). 


Let R„ denote the dual of R" coordinated by {p\). The Fourier transform 

jf;P{p) = j 'il,{x)e^P^(Fx, px = Pxx^, (9.2) 

tf}{x) = J {p)e~^P'^ dnP, dnP = (27r)“”fi”p, (9.3) 

defines an isomorphism between the spaces S'(R") and ^(Rn). The Fourier transform of tempered 
distributions is given by the condition 

J h{x)ip{x)d'^x = J (p)il)^{-p)dnP, 

and it is written in the form (19.21) - (|9.3I) . It provides an isomorphism between the spaces of 
tempered distributions S"(R”) and S"(R„). <0 

For the sake of simplicity, we here restrict our consideration to real scalar fields and choose 
by Q the real subspace of the Schwartz space iS'(R^) of smooth complex functions of rapid 
decrease on R^ [33] . Since a subset 0 S (R^) is dense in S (R*"), we henceforth identify the tensor 
algebra (16.41) of a nuclear space RS'^ with the algebra 

A = R© AS"‘©i?S'®©--- , (9.4) 
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called the Borchers algebra [8l[27l|49]. Any state / of this algebra is represented by a collection 
of tempered distributions {Wk G by the formula 

f{i’k) = J Wk{xi,...,Xk)'tlJkixi,...,Xk)d‘^xi---d‘^Xk, ipk&RS'^'^. 

For instance, the states of scalar quantum fields in a Minkowski space M"* are described by the 
Wightman functions Wn C in the Minkowski space which obey the Garding-Wightman 

axioms of axiomatic QFT [7l 1641 [66] . Let us mention the Poincare covariance axiom, the condition 
of the existence and uniqueness of a vacuum 6q, and the spectrum condition. They imply that: 
(i) a carrier Hilbert space Ew of Wightman quantum fields admits a unitary representation of a 
Poinare group, (ii) a space Ew contains a unique (up to scalar multiplications) vector tpQ, called 
the vacuum vector, invariant under Poincare transformations, (iii) the spectrum of an energy- 
momentum operator lies in the closed positive light cone. In particular, the Poincare covariance 
condition implies the translation invariance and the Lorentz covariance of Wightman functions. 
Due to the translation invariance of Wightman functions Wk , there exist tempered distributions 
Wk G also called Wightman functions, such that 

Hfc(xi, . ..,Xk) = Wkixi - X2,.. .,Xk-i - Xk). (9.5) 

Note that Lorentz covariant tempered distributions for one argument only are well described 
[TllSTj. In order to modify Wightman’s theory, one studies different classes of distributions which 
Wightman functions belong to [SHI ISO] • 

Let us here focus on states of the Borchers algebra A (19.4p which describe free quantum scalar 
fields of mass m [49l |51] . 

Let us provide a nuclear space RS^ with a positive complex bilinear form 

(V'lV'Om = ‘\ j (a; - {y)d'^xd'^y = J P)^, (9-6) 

= i(27r)"3 J exp[-ipx]e(j)o)S{p^ - m^)d‘^p, (9.7) 

uj = (p + , 

where p^ is the Minkowski square, d(po) is the Heaviside function, and D:^{x) is the negative 
frequency part of the Pauli-Jordan function 

D^{x) = i(27r)“^ J exp[-ipx]{ 0 {po) - 0 {-po)) 6 {p‘^ - m‘^)d‘^p. (9.8) 

_ ^ 

Since a function '4’{x) is real, its Fourier transform (19.21) satisfies an equality tp^ip) = ip {—p)- 
The bilinear form (19.61) is degenerate because the Pauli-Jordan function (a;) obeys a mass 
shell equation 

{n + m^)D-{x) = 0 . 

It takes non-zero values only at elements ip^ G RS 4 which are not zero on a mass shell p^ = w? . 
Therefore, let us consider the quotient space 

jm ■■ RS^ RS'^/J, (9.9) 

where 

J={iPgRS^ : {iP\iPU = 0} 


29 


is the kernel of the square form (I9.6I1 . The map 7m (19-911 assigns the couple of functions 
(■0^(0;, p),'0^(—w, p)) to each element ip G RS'^ with a Fourier transform ^^(po,]?) G RS 4 - 
Let us equip the factor space RS'^/ J with a real bilinear form 

(70|70')i = Re(ip\ip') = (9.10) 

^ p) + 

Then it is decomposed into a direct sum RS'^ / J = L+ © L“ of subspaces 

= {V’±(w, p) = p) ± p))}, 

which are mutually orthogonal with respect to the bilinear form (19.101) . 

There exist continuous isometric morphisms 

7+ : 0+(w, p) -)> q^{p) = uj~~^/'^iIjI{uj,p), 7_ : ip^{uj,p) -)> q^(p) = p) 

of spaces L'^ and L~ to a nuclear space RS^ endowed with a non-degenerate separately continuous 
Hermitian form 

{q\q') = j q^{-p)q'^(p)d3p- (9.ii) 

It should be emphasized that the images 7 +(L+) and 7 _(L“) in RS^ are not orthogonal with 
respect to the scalar form (I9.11I1 . Combining 7m (19.9p and 7 ±, we obtain continuous morphisms 
T± : RS'^ —7> RS^ given by the expressions 

r+( 0 ) =7+(7mV’)+ = j[ip^{u},p) + ip^{-uj,p)]exp[-ip x]d3p, 

T_{ip) =7_(7m0)- = j p) - p)] exp[-z p (cjdap. 

Now let us consider a Heisenberg CCR algebra 

q{RS^) = mq),TT{q)), I, q G RS^} (9.12) 

modelled over a nuclear space RS^, which is equipped with the Hermitian form (19.111) (Section 
8). Using the morphisms t±, let us define a map 

Tm-.RS^^iP^ 0(r+(0)) - ^(r_(0)) G q{RS^). (9.13) 

With this map, one can think of (19.121) as being the algebra of instantaneous CCR of scalar fields 
on a Minkowski space R.^. Owing to the map ()9.13p . any representation of the Heisenberg CCR 
algebra q{RS^) (I9.12p defined by a translationally quasi-invariant measure p on S"(IR^) induces 
a state 

/m(0^ •••0”) = (0(r+(0^)) +7r(T_(0^))] ••• [0(r+(0”)) + 7r(r_(0”))]) (9.14) 

of the Borchers algebra A dnn). Furthermore, one can justify that the corresponding distributions 
Wn fulfil the mass shell equation and that the following commutation relation holds: 

W2{x,y) - W2{y,x) = -iD^(x - y), 

where Dm{x — y) is the Pauli-Jordan function (19. 8p . Thus, the state (19.141) of the Borchers 
algebra A dOl) describes quantum scalar fields of mass m. 
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For instance, let us consider the Fock representation Zp^q) (18.1711 of the Heisenberg CCR 
algebra 2{RS^) (I11-12I1 . Using the formulae in Remark IQ where a form {q\q') is given by the 
expression (I9.111) . one observes that the state fm (19.141) satisfies the Wick theorem relations 

E (9.15) 

where a state /2 is given by the Wightman function 

W2ix,y) = ^D-{x-y). (9.16) 

Thus, the state fm (19.151) describes free quantum scalar fields of mass m. 

Similarly, one can obtain states of the Borchers algebra A (19.41) generated by non-Fock repre¬ 
sentations (18.1111 of the instantaneous CCR algebra q{RS^), e.g., if K~^ = cl These 

states fail to be defined by Wightman functions. 

It should be emphasized that, given a different mass to', we have a different map F^' (19.131) 
of the Borchers algebra A (|9.4I) to the Heisenberg CCR algebra g{RS^) (19.121) . Accordingly, the 
Fock representation Zp{q) (I8.17P of the Heisenberg CCR algebra q{RS^) (19.1211 yields the state 
fm' (19.151) where a state /2 is given by the Wightman function 

W2ix,y) = -^D-,{x-y). (9.17) 

If TO ^ to', the states fm and fm' (19.151) the Borchers algebra A (19.41) are inequivalent because 
its representations F^ and F^' (19.131) possess different kernels. 


10 Euclidean QFT 

In QFT, interacting quantum fields created at some instant and annihilated at another one are 
described by complete Green functions. They are given by the chronological functionals 

r{ipk) = J Wl:{xi,.--,Xk)'ipkixi,.--,Xk)d'^xi---d‘^Xk, ipk&RS'^'", ( 10 . 1 ) 

Wfixu---,Xk)= E (10.2) 

where Wk G are tempered distributions, and the sum runs through all permutations 

(ii • ■ • ik) of the tuple of numbers 1,..., fc [6]. 

A problem is that the functionals Wf (110.211 need not be tempered distributions. For instance, 
Wf G S"(K.) iff lUi G 5"(Moo), where Moo is the compactification of M by means of a point 
{-boo} = {-00} [7]. Moreover, chronological forms are not positive. Therefore, they do not 
provide states of the Borchers algebra A (19.41) in general. 

At the same time, the chronological forms (110.211 come from the Wick rotation of Euclidean 
states of the Borchers algebra in Si [SI]. As is well known, the Wick rotation enables one 
to compute the Feynman diagrams of perturbed QFT by means of Euclidean propagators. Let 
us suppose that it is not a technical trick, but quantum fields in an interaction zone are really 
Euclidean. It should be emphasized that the above mentioned Euclidean states differ from the 
well-known Schwinger functions in the Osterwalder-Shraded Euclidean QFT [7l [38ll4^IMl[5^[66] . 
The Schwinger functions are the Laplace transform of Wightman functions, but not chronological 
forms. 
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Since the chronological forms (110.21) are symmetric, the Euclidean states of a Borchers algebra 
A can be obtained as states of the corresponding commutative tensor algebra Bjigi (ini m 
HU [SI]. Provided with the direct sum topology, becomes a topological involutive algebra. 

It coincides with the enveloping algebra of the Lie algebra of an additive Lie group T{RS'^) of 
translations in Therefore, one can obtain states of an algebra B^gi by constructing cyclic 

strongly continuous unitary representations of a nuclear Abelian group T{RS'^) (Section 7). Such 
a representation is characterized by a continuous positive-definite generating function Z on SR'^. 
By virtue of Bochner Theorem 114.41 this function is the Fourier transform 

^(</') = J exp[z((/),2/)]d^(y) (10.3) 

of a positive measure /i of total mass 1 on the dual {RS'^)' of RS'^. Then the above mentioned 
representation of T{RS'^) can be given by operators 

^p{y) = exp[i((;i, y)]p(j/) (10.4) 

in a Hilbert space L'^{{RS'^)', p) of the equivalence classes of square ^-integrable complex func¬ 
tions p(jj) on [RS'^y. A cyclic vector 9 of this representation is the ^-equivalence class 9 1 of 

the constant function p(y) = 1. 

Conversely, every positive measure p of total mass 1 on the dual [RS'^)' of RS'^ defines 
the cyclic strongly continuous unitary representation (110.41) of a group T{RS'^). Herewith, dis¬ 
tinct generating functions Z and Z' characterize equivalent representations Tz and Tz' (110.41) of 
T{RS^) in the Hilbert spaces L'^{{RS^)', p) and L'^{{RS'^)', p') iff they are the Fourier transform 
of equivalent measures on {RS'^)' (Theorem 17.II) . 

If a generating function Z obeys the analiticity condition in Remark 17.31 a state / of Bj^gt. is 
given by the expression 

o o p 

/fc(<('i ■■■4'k) = = j 2/)• • • y)dp{y)- (10.5) 

Then one can think of Z (110.31) as being a generating functional of complete Euclidean Green 
functions fk (110.51) . 

For instance, free Euclidean fields are described by Gaussian states. Their generating func¬ 
tions are of the form 

Z{(j)) =exp{-^M{(j),(j))), (10.6) 

where M((j), (p) is a positive-definite Hermitian bilinear form on RS'^ continuous in each variable. 
They are the Fourier transform of some Gaussian measure on {RS'^)'. In this case, the forms fk 
(110.51) obey the Wick relations (I8.16|) where 

/i = 0, f2{<PA') = M{p,<p'). 

Furthermore, a covariance form M on RS'^ is uniquely determined as 

M{(i)i,4>2) = J W2{xi,X2)4'i{xi)(l)2{x2)d^xid^X2. (10-7) 

by a tempered distribution W 2 G 5''(M®). 

In particular, let a tempered distribution M (</>, p') in the expression (110.71) be Green’s function 
of some positive elliptic differential operator £, i.e., 

£xiW 2 ixi,X 2 ) = S{xi - X 2 ), 


32 




















where 6 is Dirac’s i5-function. Then the distribution W 2 reads 


W2{xi,X2) = w{xi - X2), 


( 10 . 8 ) 


and we obtain a form 


f2{4>l4‘2) = M{(j)i,(j) 2 ) = j w{xi- X2)4>l{xi)4>2{x2)d'^Xid‘^X2 = 

J w{x)(j)i{xi)(j) 2 {xi — x)d*xd‘^xi = J w{x)(p{x)d'^x = J {p)(p^ {—p)d 4 p, 

X = Xi — X 2 , ^{x) = J (I)i{Xi)4>2{Xi — x)d*Xi. 


For instance, if 


“t“ TXl , 


where A is the Laplacian, then 

f exp{-iq{xi - X 2 )) , . 

w{xi-X2)= / - 5 —- 5 - d4P, ( 10 . 9 ) 

J p^ + m^ 

where p^ is the Euclidean square, is the propagator of a massive Euclidean scalar field. Note 
that, restricted to the domain (a;? —a;^) < 0; coincides with the Schwinger function S 2 (a;i —X 2 ). 

Let be the Fourier transform of the distribution w (jlO.Sp . Then its Wick rotation is the 
functional 

wix) = 9ix) J w^{p)exp{-px)d4P + 0{-x) J {p) exp{-px)d4P 

Q+ Q- 

on scalar fields on a Minkowski space [49l[5T]. For instance, let w{x) be the Euclidean propagator 
()10.9[l of a massive scalar field. Then due to the analyticity of 

w^{p) = (p^ + m^)“^ 

on the domain Imp-Rep > 0, one can show that w(x) = —iD'^(x) where D'^{x) is familiar causal 
Green’s function. 

A problem is that a measure p in the generating function Z ()10.3I) fails to be written in an 
explicit form. 

At the same time, a measure p on {RS^)' is uniquely defined by a set of measures p^v on 
the finite-dimensional spaces Rjv = [RS'^)' /E where E C {RS'^)' denotes a subspace of forms 
on RS'^ which are equal to zero at some finite-dimensional subspace C RS'^. The measures 
Pat are images of p under the canonical mapping {RS'^)' —^ Rjy. For instance, every vacuum 
expectation ■ ■ ■ (l>n) (|10.5|) admits the representation by an integral 

fk{4'i"-4>k) = j{w,4>i) ■ ■ ■ {w,4>k)dpLN{w) ( 10 . 10 ) 

for any finite-dimensional subspace which contains (pi,... ,(f>k- In particular, one can replace 
the generating function (110.311 by the generating function 

^jv(Aie*) = /'exp(*AiW*)p7v(w*) 
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on where {e®} is a basis for and {re*} are coordinates with respect to the dual basis for 
Rn- If / is a Gaussian state, we have the familiar expression (114.2911 : 

d^N = (27rdet[M*'^])“'^/^ exp[—(10.11) 

where M*-! = M{e^,e^) is a non-degenerate covariance matrix. 

The representation (110.1011 however is not unique, and the measure /in depends on the spec¬ 
ification of a finite-dimensional subspace of RS"^. 

Remark 10.1. Note that an expression 

exp(— f L{(j))d'^x) ]^[d^!>(a:)] (10.12) 

X 

conventionally used in perturbed QFT is a symbolic functional integral, but not a true measure 
[2311301 [56] . In particular, it is translationally invariant, i.e., 

[d(j){x)\ = [d{(j){x) + const.)], 

whereas there is no (translationally invariant) Lebesgue measure on infinite-dimensional vector 
space as a rule (see [63] for an example of such a measure). <C> 


11 Higgs vacuum 

In contrast to the formal expression (110.12p of perturbed QFT, the true integral representation 
(110.311 of generating functionals enables us to handle non-Gaussian and inequivalent Gaussian 
representations of the commutative tensor algebra Bq (17.ip of Euclidean scalar fields. Here, we 
describe one of such a representation as a model of a Higgs vacuum mm- 

In Standard Model of particle physics, Higgs vacuum is represented as a constant background 
part (To of a Higgs scalar field a [3S1 [35] ■ In algebraic QFT, one can describe free Higgs field 
similar to matter fields by a commutative tensor algebra He where E is a real nuclear space. 

Let Z{a) be the generating function (110.6p of a Gaussian state of He, and let /x be the 
corresponding Gaussian measure on the dual E' of E. In contrast with a finite-dimensional case, 
Gaussian measures on infinite-dimensional spaces fail to be quasi-invariant under translations as 
a rule. The introduction of a Higgs vacuum means a translation 

y : E* 3 (7 —y O' (Jq € E*, (Jq € E* 

in a space E' such that an original Gaussian measure ^(a) is replaced by a measure = 

^{a + ao) possessing the Fourier transform 

= exp(z((T, (To)Z(ct) 

The measures /i and are equivalent iff a vector oq G E' belongs to the canonical image of 
E in E' with respect to the scalar form (|) = M{,) fRemark 18.21) . Then the measures /i and 
ficro define the equivalent states (110.51) of an algebra He. This equivalence is performed by the 
unitary operator 

p{a) exp{-{a\ao))p{a oq), p{a) G L^{'Z',p). 
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This operator fails to be constructed if cto G S'\ E, and the measures fi and fia-o are inequivalent. 

Following the terminology of Standard Model, let us call cto G E' \ E the Higgs vacuum field 
and (7 G E C E' the Higgs boson fields. Then we can say the following. 

(i) A Higgs vacuum field cto and Higgs boson fields a belong to different classes of functions. 
For instance, one usually chooses a constant Higgs vacuum field tJo in QFT. If E = RS'^, a 
constant function is an element of {SR'^)' \ SR'^. At the same time, since E is dense in E', 
the elements (Tq and cr can be arbitrarily closed to each other with respect to a topology in E'. 
However, a covariance form M and some other functions being well defined at points a become 
singular at points (Tq- 

(ii) One can think of a Higgs vacuum field cto as being the classical one in the sense that 
(To G E' \ E, whereas Higgs boson fields cr G E C E' are quantized fields because the possess 
quantum partners ct G E C By,- 

(hi) States of Higgs boson fields in the presence of in equivalent Higgs vacua are inequivalent, 
(iv) Let the generating function Z and be restricted to some finite-dimensional subspace 
C E. Then there exists an element erg at G Mat such that (ct, (Tq) = (ctIctoat) for any a G 
As a consequence, a generating function Z(Jo takes a form 

^<To 7 v(AiCT*) = (27rdet[M*'^])"^/2y exp(Ai(T*) exp[-i(M“^)y (cr - croAr)^®'“ 

where M*-' is the covariance matrix of Zat, cr* denote coordinates in Rat, and are coordinates 
of a vector ctoat in Rat- It follows that, if a number of quantum Higgs boson fields 
wha is finite, their interaction with a classical Higgs vacuum field erg reduced to an interaction 
with some quantum fields gqm by perturbation theory. 

In Standard Model, a Higgs vacuum is responsible for spontaneous symmetry breaking. Let 
us study this phenomenon (Sections 12 and 13). 

12 Automorphisms of quantum systems 

In order to say something, we mainly restrict our analysis to automorphisms of C* algebras. 

We consider uniformly and strongly continuous one-parameter groups of automorphisms of 
C*-algebras. Let us note that any weakly continuous one-parameter group of endomorphism of 
a (7*-algebra also is also strongly continuous and their weak and strong generators coincide with 
each other [Hill]. 

Remark 12.1. There is the following relation between morphisms of a C'*-algebra A and a 
set F{A) of its states which is a convex subset of the dual A' of A (Theorem 13.101) . A linear 
morphism 7 of a C'*-algebra A as a vector space is called the Jordan morphism if relations 

7 ( 06 -I- 6 a) = 7 (a) 7 (&)-I- 7 ( 6 ) 7 (a), ())(a*) = 7 (a)*, a, 6 G A. 

hold. One can show the following [^. Let 7 be a Jordan automorphism of a unital C'*-algebra 
A. It yields the dual weakly* continuous affine bijection 7 ' of F{A) onto itself, i.e., 

7 '(A/ + (l-A)/') = A7'(/) + (I-A)7 '(/'), /,/',GF(A), Ag[ 0 ,I]. 

Conversely, any such a map of F{A) is the dual to some Jordan automorphism of A. However, 
if G is a connected group of weakly continuous Jordan automorphisms of a unital G*-algebra A 
is a weakly (and, consequently, strongly) continuous group of automorphisms of A. ^ 
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A topological group G is called the strongly (resp. uniformly) continuous group of auto¬ 
morphisms of a C*-algebra A if there is its continuous monomorphism to the group Aut (A) of 
automorphisms of A provided with the strong (resp. normed) operator topology, and if its action 
on A is separately continuous. 

One usually deals with strongly continuous groups of automorphisms because of the following 
reason. Let G'(M) be one-parameter group of automorphisms of a C'*-algebra A. This group is 
uniformly (resp. strongly) continuous if it is a range of a continuous map of M to the group 
Aut {A) of automorphisms of A which is provided with the normed (resp. strong) operator 
topology and whose action on A is separately continuous. A problem is that, if a curve G'(M) in 
Aut {A) is continuous with respect to the normed operator topology, then a curve G'(]R)(a) for any 
a G A is continuous in a C*-algebra A, but the converse is not true. At the same time, a curve 
G(]R) is continuous in Aut (A) with respect to the strong operator topology iff a curve G(R) (a) 
for any a G A is continuous in A. By this reason, strongly continuous one-parameter groups of 
automorphisms of G*-algebras are most interesting. However, the infinitesimal generator of such 
a group fails to be bounded, unless this group is uniformly continuous. 

Remark 12.2. If G(K) is a strongly continuous one-parameter group of automorphisms of a 
G*-algebra A, there are the following continuous maps m- 

• K 9 t — >■ {Gt{a), /) S C is continuous for all a S A and f € A'; 

• A 9 o —>■ Gt(a) G A is continuous for all t £ K; 

• R 9 t —>■ Gt(a) G A is continuous for all o G A. <0 

Without a loss of generality, we further assume that A is a unital G*-algebra. Infinitesimal 
generators of one-parameter groups of automorphisms of A are derivations of A. 

By a derivation 5 of A throughout is meant an (unbounded) symmetric derivation of A (i.e., 
S{a*) = S{a)*, a G A) which is defined on a dense involutive subalgebra D{S) of A. If a derivation 
S on D{6) is bounded, it is extended to a bounded derivation everywhere on A. Conversely, every 
derivation defined everywhere on a G*-algebra is bounded |18j . For instance, any inner derivation 
6{a) = i[6,a], where 6 is a Hermitian element of A, is bounded. A space of derivations of A is 
provided with the involution u —>■ u* defined by the equality 

S*{a) =-d{a*y, oGA. (12.1) 

There is the following relation between bounded derivations of a G*-algebra A and uniformly 
continuous one-parameter groups of automorphisms of A [12] . 

Theorem 12.1. Let i5 be a derivation of a G*-algebra A. The following assertions are equivalent: 

• i5 is defined everywhere and, consequently, is bounded; 

• 5 is the infinitesimal generator of a uniformly continuous one-parameter group G(R) of 
automorphisms of a G*-algebra A. 

Furthermore, for any representation tt of A in a Hilbert space E, there exists a bounded self- 
adjoint operator 'H G 7r(A)" in E and the unitary uniformly continuous representation 


7r(Gt) = exp{—it'H), 

of the group G(]R) in E such that 

t G M, 

(12.2) 

7r(5(a)) = -i['H,Tr{a)], 

a G A, 

(12.3) 

7r(Gt(a)) = e“**^7r(a)e**^, 
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t G K. 

(12.4) 


□ 

A C'*-algebra need not admit non-zero bounded derivations. For instance, no commutative 
C'*-algebra possesses bounded derivations. The following is the relation between (unbounded) 
derivations of a C*-algebra A and strongly continuous one-parameter groups of automorphisms 

of A [HI 1131- 

Theorem 12.2. Let (5 be a closable derivation of a C*-algebra A. Its closure S is an infinitesimal 
generator of a strongly continuous one-parameter group of automorphisms of A iff 

(i) the set (1 -I- X6)(D{S) for any A G M \ {0} is dense in A, 

(ii) 11(1 -I- A(5)(a)|| > ||a|| for any A G M and any a £ A. □ 

It should be noted that, if A is a unital algebra and 6 is its closable derivation, then 1 G D{6). 
Let us mention a more convenient sufficient condition of a derivation of a C'*-algebra to be an 
infinitesimal generator of a strongly continuous one-parameter group of its automorphisms. A 
derivation <5 of a C'*-algebra A is called well-behaved if, for each element a G D{6), there exists a 
state / of A such that /(a) = ||a|| and f{S{a)) = 0. If <5 is a well-behaved derivation, it is closable 
[35] , and obeys the condition (ii) in Theorem 112.21 [TTl 135] . Then we come to the following. 

Theorem 12.3. If <5 is a well-behaved derivation of a C*-algebra A and it obeys the condition (i) 
in Theorem ll2.21 its closure 6 is an infinitesimal generator of a strongly continuous one-parameter 
group of automorphisms of A. □ 

For instance, a derivation S is well-behaved if it is approximately inner, i.e., there exists a 
sequence of self-adjoint elements {&»} in A such that 

6{a) = limi[6„,a], a G A. 

n 

In contrast with a case of a uniformly continuous one-parameter group of automorphisms of 
a C*-algebra A, a representation of A does not imply necessarily a unitary representation (112.21) 
of a strongly continuous one-parameter group of automorphisms of A, unless the following. 

Theorem 12.4. Let G(M) be a strongly continuous one-parameter group of automorphisms of 
a G*-algebra A and 6 its infinitesimal generator. Let A admit a state / such that 

|/((5(a))| < A[/(a*a) -b /(aa*)]^/^ (12.5) 

for all a G A and a positive number A, and let (ttj. Of) be a cyclic representation of A in a Hilbert 
space Ef defined by /. Then there exist a self-adjoint operator "H on a domain C AOf 

in Ef and the unitary strongly continuous representation (|12.2|) of G(K) in Ef which fulfils the 
relations (|12.3I) - (112. 4p for tt = tt/. □ 

It should be emphasized that the condition (112.51) in Theorem ll2.4l is sufficient in order that 
a derivation 6 to be closable [55] . 

Note that there is a general problem of a unitary representation of an automorphism group 
of a G*-algebra A. Let tt be a representation of A in a Hilbert space E. Then an automorphism 
p of A possesses a unitary representation in E if there exists a unitary operator Up in E such 
that 

7r(p(a)) = UpTr{a)U~^, a £ A. (12.6) 
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A key point is that such a representation is never unique. Namely, let U and U' be arbitrary 
unitary elements of the commutant 7r(A)' of 7r(A). Then UUpU' also provides a unitary repre¬ 
sentation of p. For instance, one can always choose phase multipliers U = exp(ia)l S 17(1). A 
consequence of this ambiguity is the following. 

Let G be a group of automorphisms of an algebra A whose elements g € G admit unitary 
representations Ug (112.61) . The set of operators Ug, g G G, however need not be a group. In 
general, we have 


UgUg, = U{g,g')Ugg,U'{g,g'), U{g,g'lU'{g,g') G 7r(A)'. 

If all U{g,g') are phase multipliers, one says that the unitary operators Ug, g G G, form a 
projective representation U{G): 

UgUg! =k{g,g')Ugg', g, g'G G, 

of a group G [iniisa. In this case, a set 17(1) x 17(G) becomes a group which is a central 
17(l)-extension 

1 —^17(1) ^17(1) X t/(G) ^G —^1 (12.7) 

of a group G. Accordingly, the projective representation 7r(G) of G is a splitting of the exact 
sequence (112.71) . It is characterized by 17(l)-multipliers k{g,g') which form a two-cocycle 

k{l,g) = k{g,l) = 1 , k{gi,g2g3)k(g2,g3) = k{gi,g2)k{gig2,g3) (12.8) 

of the cochain complex of G with coefficients in 17(1) [241 [34]. A different splitting of the 
exact sequence (112.711 yields a different projective representation 17'(G) of G whose multipliers 
k'{g,g') form a cocycle equivalent to the cocycle (112.81) . If this cocycle is a coboundary, there 
exists a splitting of the extension (112.71) which provides a unitary representation of a group G of 
automorphisms of an algebra A va E. 

For instance, let B{E) be a G*-algebra of bounded operators in a Hilbert space E. All its 
automorphisms are inner. Any (unitary) automorphism 17 of a Hilbert space E yields an inner 
automorphism 

a^UaU-^, aGB{E), (12.9) 

of B{E). Herewith, the automorphism (|12.9|1 is the identity iff 17 = Al, |A| = 1, is a scalar 
operator in E. It follows that the group of automorphisms of B{E) is the quotient 17(A)/17(1) 
of a unitary group U{E) with respect to a circle subgroup 17(1). Therefore, given a group G 
of automorphisms of the G*-algebra B{E), the representatives Ug in U{E) of elements g G G 
constitute a group up to phase multipliers, i.e., 

UgUg> = exp[ia{g,g')]Ugg>, a{g,g') G K. 

Nevertheless, if G is a one-parameter weakly* continuous group of automorphisms of B{E) 
whose infinitesimal generator is a bounded derivation of B{E), one can choose the multipliers 
exp[ia{g,g')] = 1. 

In a general setting, let G be a group and A a commutative algebra. An A-multiplier of G is 
a map ^ : G x G —>■ 7l such that 

C(1g,5) =^(g,iG) = 1.A, C(5i, 5253 )^( 52 , 53 ) = ^{ 91 , 92 )^( 9192 , 93 ), g,9^ € G. 
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For instance, ^ iOxG—^-l^G^isa multiplier. Two ^-multipliers ^ and are said to be 
equivalent if there exists a map f : G ^ A such that 

An A-multiplier is called exact if it is equivalent to the multiplier ^ = 1^. A set of A-multipliers 
is an Abelian group with respect to the pointwise multiplication, and the set of exact multipliers 
is its subgroup. Let HM (G, A) be the corresponding factor group. 

If G is a locally compact topological group and A a Hausdorff topological algebra, one ad¬ 
ditionally requires that multipliers ^ and equivalence maps / are measurable maps. In this 
case, there is a natural topology on HM{G,A) which is locally quasi-compact, but need not be 
Hausdorff [55] . 

Theorem 12.5. [16]. Let G be a simply connected locally compact Lie group. Each 17(1)- 
multiplier ^ of G is brought into a form ^ = expia, where a is an R-multiplier. Moreover, ^ is 
exact iff a is well. Any R-multiplier of G is equivalent to a smooth one. □ 

Let G be a locally compact group of strongly continuous automorphisms of a G*-algebra 
A. Let M{A) denote a multiplier algebra of A, i.e., the largest G*-algebra containing A as an 
essential ideal, i.e., if a G M{A) and ab = 0 for all b G A, then a = 0 [65]). For instance, 
AI (A) = A if A is a unital algebra. Let ^ be a multiplier of G with values in the center of M (A). 
A G-covariant representation tt of A [I1I33 is a representation tt of A (and, consequently, M{A)) 
in a Hilbert space E together with a projective representation of G by unitary operators U{g), 
g G G, m E such that 

= U{g)Tr{a)U*{g), U{g)U{g') = Tr{^{g, g'))U{gg'). 

13 Spontaneous symmetry breaking 

Given a topological *-algebra A and its state /, let p be an automorphism of A. Then it defines 
a state 

/p(a) = /(P(a)): a G A, (13.1) 

of A. A state / is said to be stationary with respect to an automorphism p of A if 

/(p(a)) =/(a), oGA. (13.2) 

One speaks about spontaneous symmetry breaking if a state / of a quantum algebra A fails 
to be stationary with respect to some automorphisms of A. 

We can say something if A is a G*-algebra and its GNS representations are considered m 

[HlEl]. 

Theorem 13.1. Let / be a state of a G*-algebra A and {Trf,9f,Ef) the corresponding cyclic 
representation of A. An automorphism p of A defines the state fp (113.11) of A such that a carrier 
space Epf of the corresponding cyclic representation iTpf is isomorphic to Ef. □ 

It follows that the representations iTpf can be given by operators T^pf{a) = TTf{p(a)) in the 
carrier space Ef ot the representation tt/, but these representations fail to be equivalent, unless 
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an automorphism p possesses the unitary representation (112. 6 |) in i?/. In this case, a state / is 
stationary relative to p. The converse also is true. 

Theorem 13.2. If a state / of a C*-algebra A is the stationary state (jl3.2l) with respect to 
an automorphism p of A, there exists a unique unitary representation Up (113.ip of p in Ej such 
that 

Upef=9f. (13.3) 

□ 

It follows from Theorem 112.11 that, since any uniformly continuous one-parameter group of 
automorphisms of a C'*-algebra A admits a unitary representation, each state / of A is stationary 
for this group. However, this is not true for an arbitrary uniformly continuous group G of 
automorphisms of A. For instance, let B{E) be the C'*-algebra of all bounded operators in a 
Hilbert space E. Any automorphisms of B{E) is inner and, consequently, possesses a unitary 
representation in E. Since the commutant of B{E) reduces to scalars, the group of automorphisms 
of B(E) admits a projective representation in E, but it need not be unitary. 

It follows from Theorem 112.41) that, if a state / of a C'*-algebra A is stationary under a 
strongly continuous group G'(R) of automorphisms of A, i.e., f(]dl(a)) — 0, there exists unitary 
representation of this group in E/. However, this condition is sufficient, but not necessary. 

Moreover, one can show the following |18) . 

Theorem 13.3. Let G be a strongly continuous group of automorphisms of a G*-algebra A, 
and let a state / of A be stationary for G. Then there exists a unique unitary representation of 
G in Ef whose operators obey the equality ()13.3p . □ 

Let now G be a group of strongly or uniformly continuous group of automorphisms of a G*- 
algebra A, and let / be a state of A. Let us consider a set of states fg (113.11) . g G G, oi A defined 
by automorphisms g G G. Let / be stationary with respect to a proper subgroup H of G. Then 
a set of equivalence classes of states /g, 5 G G, is a subset of the factor space G/iL, but need not 
coincide with G/H. 

This is just the case of spontaneous symmetry breaking in Standard Model where A Higgs 
vacuum is a stationary state with respect to some proper subgroup of a symmetry group [361158) . 

In axiomatic QFT, the spontaneous symmetry breaking phenomenon is described by the 
Goldstone theorem [7]. 

Let G be a connected Lie group of internal symmetries (automorphisms of the Borchers 
algebra A over IdR"^) whose infinitesimal generators are given by conserved currents j*. One can 
show the following [7]. 

Theorem 13.4. A group G of internal symmetries possesses a unitary representation in Ew 
iff the Wightman functions are G-invariant. □ 

Theorem 13.5. A group G of internal symmetries admits a unitary representation if a strong 
spectrum condition holds, i.e., there exists a mass gap. □ 

As a consequence, we come to the above mentioned Goldstone theorem. 

Theorem 13.6. If there is a group G of internal symmetries which are spontaneously broken, 
there exist elements 4> G Ew of zero spin and mass such that {4>\j^4’Q) 7^ 0 for some generators 
of G. □ 
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These elements of unit norm are called Goldstone states. It is easily observed that, if a group 
G of spontaneously broken symmetries contains a subgroup of exact symmetries H, the Goldstone 
states carrier out a homogeneous representation of G isomorphic to the quotient G/H. 

This fact attracted great attention to such kind representations and motivated to describe 
classical Higgs fields as sections of a fibre bundle with a typical fibre G/H [551 [51] . 

14 Appendixes 

This Section summarizes some relevant material on topological vector spaces and measures on 
non-compact spaces. 

14.1 Topological vector spaces 

There are several standard topologies introduced on an (infinite-dimensional) complex or real 
vector space and its dual [Ml El]- Topological vector spaces throughout are assumed to be 
locally convex. Unless otherwise stated, by the dual V of a topological vector space V is meant 
its topological dual, i.e., the space of continuous linear maps of U —>•]&. 

Let us note that a topology on a vector space V often is determined by a set of seminorms. 
A non-negative real function p on U is called the seminorm if it satisfies the conditions 

p{Xx) = \X\p{x), p{x + y)<p{x)+p{y), x,yGV, A G R. 

A seminorm p for which p{x) = 0 implies a; = 0 is called the norm. Given any set of 

seminorms on a vector space U, there is the coarsest topology on V compatible with the algebraic 
structure such that all seminorms pi are continuous. It is a locally convex topology whose base 
of closed neighborhoods consists of sets 

{x : sup Pi{x) < e}, e > 0, n G N+. 

l<i<n 

Let V and W be two vector spaces whose Cartesian product U x lU is provided with a bilinear 
form (u, w) which obeys the following conditions: 

• for any element v^OofV, there exists an element w £ W such that {v, w) ^ 0; 

• for any element w ^ 0 of W, there exists an element v £ V such that {v, w) ^ 0. 

Then one says that (U, lU) is a dual pair. If (V,W) is a dual pair, so is (lU, U). Clearly, W is 
isomorphic to a vector subbundle of the algebraic dual V* of V, and U is a subbundle of the 
algebraic dual of W. 

Given a dual pair (V,W), every vector w £ W dehnes a seminorm pw = |(u,u>)| on U. 
The coarsest topology (t(U, W) on V making all these seminorms continuous is called the weak 
topology determined by W on V. It also is the coarsest topology on V such that all linear forms 
in IT C U* are continuous. Moreover, W coincides with the dual V' of V provided with the weak 
topology (t(U, W), and cr(U, W) is the coarsest topology on V such that V = W. Of course, the 
weak topology is Hausdorff. 

For instance, if U is a Hausdorff topological vector space with the dual V , then (U, V') is a 
dual pair. The weak topology cr{V, V) on V is coarser than the original topology on V. Since 
(V', V) also is a dual pair, the dual V of V can be provided with the weak* topology topology 
cr(V', V). Then V is the dual of U', equipped with the weak* topology. 
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The weak* topology is the coarsest case of a topology of uniforni convergence on A subset 
M of a vector space V is said to absorb a subset TV C F if there is a number e > 0 such that 
N C AM for all A with |A| > e. An absorbent set is one which absorbs all points. A subset N of 
a topological vector space V is called bounded if it is absorbed by any neighborhood of the origin 
of V. Let {V, V) be a dual pair and N some family of weakly bounded subsets of V. Every 
N G Af yields a seminorm 


Pn{v') = sup |(u,u')| 
veN 

on the dual V oiV. A topology on V defined by a set of seminorms pn, N G Af, is called the 
topology of uniform convergence on the sets of Af. When A/” is a set of all finite subsets of E, we 
have the coarsest topology of uniform convergence which is the above mentioned weak* topology 
V). The finest topology of uniform convergence is obtained by taking A/” to be a set of all 
weakly bounded subsets of V. It is called the strong topology. The dual V" of V, provided with 
the strong topology, is called the bidual. One says that V is reflexive ii V = V". 

Since {V, V) is a dual pair, a vector space V also can be provided with the topology of 
uniform convergence on subsets of V', e.g., the weak* and strong topologies. Moreover, any 
Hausdorff locally convex topology on E is a topology of uniform convergence. The coarsest and 
finest topologies of them are the weak* and strong topologies, respectively. There is the following 
chain 


weak* < weak < original < strong 

of topologies on V, where < means ”to be finer”. 

For instance, let E be a normed space. The dual V of V also is equipped with a norm 

Ill'll'= sup |(z;,'!;')|, vGV, v' gV. (14.1) 

lhll=i 

Let us consider a set of all balls {n : ||u|| < e, e > 0} in V. The topology of uniform convergence 
on this set coincides with strong and normed topologies on Y' because weakly bounded subsets 
of V also are bounded by a norm. Normed and strong topologies on V are equivalent. Let 
V denote the completion of a normed space V. Then V' is canonically identified to {V)' as a 
normed space, though weak* topologies on V' and {V)' are different. Let us note that both V 
and V" are Banach spaces. If E is a Banach space, it is closed in V" with respect to the strong 
topology on V" and dense in V" equipped with the weak* topology. One usually considers the 
weak*, weak and normed (equivalently, strong) topologies on a Banach space. 

It should be noted that topology on a finite-dimensional vector space is locally convex and 
Hausdorff iff it is determined by the Euclidean norm. 

Let us say a few words on morphisms of topological vector spaces. 

A linear morphism between two topological vector spaces is called the weakly continuous 
morphism if it is continuous with respect to the weak topologies on these vector spaces. In 
particular, any continuous morphism between topological vector spaces is weakly continuous 

[44]. 

A linear morphism between two topological vector spaces is called bounded if the image of 
a bounded set is bounded. Any continuous morphism is bounded. A topological vector space is 
called the Mackey space if any bounded endomorphism of this space is continuous (we follow the 
terminology of [44]). Metrizable and, consequently, normed spaces are of this type. 
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Any linear morphism ^ V ^ W oi topological vector spaces yields the dual morphism 
7 ' : W — 7 > V of the their topological duals such that 

{v,y(w)) = {j{v),w), V € V, w &W. 

If 7 is weakly continuous, then 7 ' is weakly* continuous. If V and W are normed spaces, then any 
weakly continuous morphism 7 : 1/ —> kK is continuous and strongly continuous. Given normed 
topologies on V and W , the dual morphism 7 ' : W —>■ V is continuous iff 7 is continuous. 

14.2 Hilbert, countably Hilbert and nuclear spaces 

Let us recall the relevant basics on pre-Hilbert and Hilbert spaces [ini[24]. 

A Hermitian form on a complex vector space E is defined as a sesquilinear form (.|.) such 
that 

(e|e') = (e'|e), (-^ele') = (e|Ae') = A(e|e'), e,e' G E, A S C. 

Remark 14.1. There exists another convention where (e|Ae') = A(e|e'). <0> 

A Hermitian form (.|.) is said to be positive if (e|e) > 0 for all e G E. All Hermitian forms 
throughout are assumed to be positive. A Hermitian form is called non-degenerate if the equality 
(e|e) = 0 implies e = 0. A complex vector space endowed with a Hermitian form is called the 
pre-Hilbert space. Morphisms of pre-Hilbert spaces, by definition, are isometric. 

A Hermitian form provides E with the topology defined by a seminorm ||e|| = (e|e)^/^. Hence, 
a pre-Hilbert space is Hausdorff iff a Hermitian form (.|.) is non-degenerate, i.e., a seminorm ||e|| 
is a norm. In this case, it is called the scalar product. 

A complete Hausdorff pre-Hilbert space is called the Hilbert space. Any Hausdorff pre-Hilbert 
space can be completed to a Hilbert space. . 

The following are the standard constructions of new Hilbert spaces from the old ones. 

• Let {E\ (.|.)_B'.) be a set of Hilbert spaces and denote a direct sum of vector spaces 

EG For any two elements e = (e'") and e' = {e"') of X ^ sum 

{e\e%=J2{ey^)E^ (14.2) 

L 

is finite, and defines a non-degenerate Hermitian form on 'Y^EG The completion ®E‘' of X^^ 
with respect to this form is a Hilbert space, called the Hilbert sum of EG 

• Let {E, (.|.)£;) and (H, (.|.)h) be Hilbert spaces. Their tensor product if 0 H is defined as 
the completion of a tensor product of vector spaces E and El with respect to the scalar product 

(wi 1^2)0 = '^{ei\e^)E{hi\h^ 2 )H, 

wi = ^ e) 0 W2 = ^ ef 0 h^, ^{,€2 G E, /i^, /if G H. 

i p 

• Let E' be the topological dual of a Hilbert space E. Then the assignment 

e —>■ e(e') = (e'|e), e^e'G E, (14.3) 

defines an antilinear bijection of E onto E', i.e., Ae = Ae. The dual if' of a Hilbert space is a 
Hilbert space provided with the scalar product (e|e')' = (e'|e) such that the morphism (114.31) is 
isometric. The if' is called the dual Hilbert space, and is denoted by E. 
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Physical applications of Hilbert spaces are limited by the fact that the dual of a Hilbert space 
E is anti-isomorphic to E. The construction of a rigged Hilbert space describes the dual pairs 
(iJ, E') where E' is larger than E [22] . 

Let a complex vector space E have a countable set of non-degenerate Hermitian forms 
k G N+, such that 


(e|e)i < • • • < (e|e)fc < •• • 


for all e G -E. The family of norms 

|MU = (.|.)f, AGN+, (14.4) 

yields a Hausdorff topology on E. A space E is called the countably Hilbert space if it is complete 
with respect to this topology [22]. For instance, every Hilbert space is a countably Hilbert space 
where all Hermitian forms (.|.)fe coincide. 

Let Ek denote the completion of E with respect to the norm ||.||fe (114.4p . There is the chain 
of injections 

El D E 2 D ■ ■ ■ Ek D ■ ■ ■ (14.5) 

together with a homeomorphism E = r\ Ek- The dual spaces form the increasing chain 

k 

E( C E' C • • • C E' C • • • , (14.6) 

and E' = U E'f.. The dual E' of E can be provided with the weak* and strong topologies. One 

k 

can show that a countably Hilbert space is reflexive. 

Given a countably Hilbert space E and m < n, let be a prolongation of the map 

E„DE9e-)>eGEcEm 

to a continuous map of E„ onto a dense subset of Em- A countably Hilbert space E is called the 
nuclear space if, for any m, there exists n such that T™ is a nuclear map, i.e., 

i 

where: (i) {e)^} and {e)„} are bases for the Hilbert spaces E„ and E^, respectively, (ii) \i > 0, 
(hi) the series ^ Xi converges [52]. 

An important property of nuclear spaces is that they are perfect, i.e., every bounded closed 
set in a nuclear space is compact. It follows immediately that a Banach (and Hilbert) space is 
not nuclear, unless it is finite-dimensional. Since a nuclear space is perfect, it is separable, and 
the weak* and strong topologies (and, consequently, all topologies of uniform convergence) on a 
nuclear space E and its dual E' coincide. 

Let E be a nuclear space, provided with still another non-degenerate Hermitian form (.|.) 
which is separately continuous, i.e., continuous with respect to each argument. It follows that 
there exist numbers M and m such that 

(e|e) <M||e|U, e G E. (14.7) 

Let E denote the completion of E with respect to this form. There are the injections 

E C E C E', (14.8) 
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where E is a. dense subset of E and E' is a dense subset of E', equipped with the weak* topology. 
The triple (114.81) is called the rigged Hilbert space. Furthermore, bearing in mind the chain of 
Hilbert spaces (114.51) and that of their duals (114.6p . one can convert the triple (114.81) into the 
chain of spaces 

E C ■■ ■ C Ek C ■■■ El C E C E[ C ■■ ■ C E'^ C ■ ■ ■ C E'. (14.9) 

Remark 14.2. Real Hilbert, countably Hilbert, nuclear and rigged Hilbert spaces are similarly 
described. <0 

14.3 Measures on locally compact spaces 

Measures on a locally compact space X are defined as continuous forms on spaces of continuous 
real (or complex) functions of compact support on X, and they are extended to a wider class of 
functions on X [3124]. 

Let C°(X) be a ring of continuous complex functions on X. For each compact subset K of 
X, we have a seminorm 

PKif) = snp\f{x)\ (14.10) 

x£K 

on C^{X). These seminorms provide C°(X) with the Hausdorff topology of compact convergence. 
We abbreviate with IC{X,C) the dense subspace of C°(X) which consists of continuous complex 
functions of compact support on X. It is a Banach space with respect to a norm 

ll/ll = sup |/(a::)|. (14.11) 

xGX 

Its normed topology, called the topology of uniform convergence, is finer than the topology of 
compact convergence, and these topologies coincide if X is a compact space. 

A space /C(X, C) also can be equipped with another topology, which is especially relevant 
to integration theory. For each compact subset K C X, let ICk{X,C) be a vector subspace of 
/C(X, C) consisting of functions of support in K. Let U he a set of all absolutely convex absorbent 
subsets U of /C(X, C) such that, for every compact K, a set t/ (d 1Ck{X, C) is a neighborhood of 
the origin in ]Ck{X,<C) under the topology of uniform convergence on K. Then U is a base of 
neighborhoods for a (locally convex) topology, called the inductive limit topology, on /C(X, C) 
[44] . This is the finest topology such that an injection ICk{X,C) —>■ /C(X, C) is continuous. The 
inductive limit topology is finer than the topology of uniform convergence, and these topologies 
coincide if X is a compact space. Unless otherwise stated, referring to a topology on /C(X, C), 
we will mean the inductive limit topology. 

A complex measure on a locally compact space X is defined as a continuous form p. on a space 
/C(X, C) of continuous complex functions of compact support on X. The value /r(/), / € /C(X, C), 
is called the integral J fp oi f with respect to the measure p. The space M(X, C) of complex 
measures on X is the dual of /C(X, C). It is provided with the weak* topology. 

Given a complex measure /i, any continuous complex function h G C°(X) on X defines the 
continuous endomorphism / —)> Ii/ of the space /C(X, C) and yields a new complex measure 
hp{f) = p{hf)- Hence, the space M(X, C) of complex measures on X is a module over the ring 
C°(X). 

Let /C(X) C /C(X, C) denote a vector space of continuous real functions of compact support on 
X. The restriction of a complex measure /r on X to /C(X) is a continuous complex form on /C(X), 
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equipped with the inductive limit topology. Any complex measure /r is uniquely determined as 


fi{f) = niRef)+ifi{hnf), /e/C(A,C), 


(14.12) 


by its restriction to 1C{X). A complex measure /x on A is called a real measure if its restriction 
to 1C{X) is a real form. A complex measure /i is real iff /x = /I, where Ji is the conjugate measure 
given by the condition ]!{/) = f € /C(A, C). 

A measure on a locally compact space X is defined as a continuous real form on a space /C(A) 
of continuous real functions of compact support on X provided with the inductive limit topology. 
Any real measure on /C(A, C) restricted to JC{X) is a measure. Conversely, each measure /x on 
JC{X) is extended to the real measure (114.12|) on /C(A, C). Thus, measures on IC{X) and real 
measures on /C(A, C) can be identified. 

A measure /x on a locally compact space X is called positive if ^(/) > 0 for all positive 
functions / £ K.{X). Any measure ^ defines the positive measure |/x|(/) = |^(/)|, and can be 
represented by the combination 



of two positive measures. 

A complex measure /x on a locally compact space X is called bounded if there is a positive 
number A such that |^(/)| < A||/|| for all / G /C(A, C). A complex measure /x is bounded iff it 
is continuous with respect to the topology of uniform convergence on /C(A, C). Hence, a space 
Af^(A, C) C M{X,C) of bounded complex measures is the dual of /C(A, C), provided with this 
topology. It is a Banach space with respect to a norm 


||m||=sup{|M/)I : 11/11 = 1},/G/C(A,C)}. 


(14.13) 


Of course, any complex measure on a compact space is bounded. If ^ is a bounded complex 
measure and h is a bounded continuous function on X, the complex measure hfj, is bounded. 

Similarly, a Banach space M^(X) of bounded measures on X is defined. 

Example 14.3. Given a point x € X, the assignment t f{x), / £ A(A), defines the 

Dirac measure on X. Any finite linear combination of Dirac measures is a measure, called a 
point measure. The Dirac measure Sx is bounded, and ||ea;|| = 1. □ 

Now we extend a class of integrable functions as follows. Let R±oo denote the extended real 
line, obtained from R by the adjunction of points {+oo} and {—oo}. It is a ring such that 
0 • oo = 0 and oo — oo = 0. Let J+ be a space of positive lower semicontinuous functions on 
X which take their values in the extended real line K±oo- These functions possess the following 
important properties: 

• the upper bound of any set of elements of J+ and the lower bound of a finite set of elements 
of J+ also are elements of J+; 

• any function / £ J-|_ is an upper bound of a family of positive functions h £ /C(A) such 


that h < f. 


The last fact enables one to define the upper integral of a function f G with respect to a 
positive measure ^ on A as the element 


M*(/) = y /m = sup{/x(/i) : h £ /C(A), 0<h< f} 


(14.14) 
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of M±oo- Of course, /i*(/) = fi{f) if / G JC{X). 


Example 14.4. Let U be an open subset of X and (pu its characteristic function. It is readily 
observed that ipu G J+. Given a positive measure fi on X, the upper integral /r(C/) = 
is called the outer measure of U. For instance, the outer measure of a relatively compact set 
U (i.e., [/ is a subset of a compact set) is finite. The (finite or infinite) number p,{X) = /i*(l) 
is called the total mass of a measure fj,. In particular, a measure on a locally compact space is 
bounded iff it has a finite total mass. □ 

Let / be an arbitrary positive R±oo-valued function on a locally compact space X (not 
necessarily lower semicontinuous). There exist functions g € J+ such that g > f (e.g., g = +oo). 
Then the upper integral of / with respect to a positive measure /x on X is defined as 

: hGJ+,h> /}. (14.15) 


Example 14.5. The outer measure g*{y) = fj,*{(pv) of an arbitrary subset V oi X exemplifies 
the upper integral (114.151) . In particular, one says that F C X is a /x-null set if fi{V) = 0. Two 
Rj-oo-valued functions / and f on a locally compact space are called /x-equivalent if they differ 
from each other only on a /x-null set; then Two positive measures fi and fj,' are 

said to be equivalent if any compact /i-null set also is a /x'-null set, and vice versa. They coincide 
if /i(X) = for any compact set K C X. □ 


Example 14.6. A real function / on a subset F C X is said to be defined almost everywhere 
with respect to a positive measure /x on X if the complement X \ F of F is a /x-null set. For 
instance, an IR.±oo-valued function / which is finite almost everywhere on X exemplifies a real 
function defined almost everywhere on X. Conversely, one can think of a positive function defined 
almost everywhere on X as being /x-equivalent to some positive R±oo-valued function on X. □ 


The following classes of integrable functions (and maps) are usually considered. 

Let / be a map of a locally compact space X to a Banach space F, provided with a norm |.| 
(e.g., F is R or C). Given a positive measure g on X, let us define the positive (finite or infinite) 
number 

r /■* -| i/p 


Npif) 


l/IV 


1 < p < 00. 


(14.16) 


Clearly, Np{f) = Np{f') if / and /' are p-equivalent maps on X, i.e., if they differ on a p-null 
subset of X. There is the Minkowski inequality 


Npif + f)<Npif)+Npif). (14.17) 

• Let R^{X,fi) be a space of maps X —F such that Np{f) < +oo. In accordance with the 
Minkowski inequality (114.17L it is a vector space and Np (114.161) is a seminorm on F^(X, p). 
Provided with the corresponding topology, R^{X,fi) is a complete space, but not necessarily 
Hausdorff. A space /C(X, F) of continuous maps X —^ F of compact support belongs to F^(X, p). 

• A space £^{X,g) is defined as the closure of /C(X, F) C F^(X, p). Elements of £^(X, p) 
are called integrable F-valued functions of degree p. In particular, elements of C^^iX, p) are called 
integrable F-valued functions, while those of Cp{X, fi) are square integrable F-valued functions. 
Any element of R^ (X, p) which is /x-equivalent to an element of CFp (X, g) belongs to (X, g). 
An F-valued map defined almost everywhere on X also is called integrable if it is /x-equivalent 
to an element of £^ (X, g). 
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• A space L^{X, fj.) consists of classes of /x-equivalent integrable F-valued maps of degree p. 
One usually treat elements of this space as F-valued functions without fear of confusion, and 
call them integrable F-valued functions of degree p, too. The L^{X, p) is a Banach space with 
respect to the norm (114.161) . 

There are the following important relations between the spaces L^p{X,p), 1 < p < +oo. 

If / G £p(A,/r), then belongs to Cp{X,p) for any 1 < q < +oo, and vice versa. 

Moreover, / —>■ provides a homeomorphism between topological spaces Cp{X,p) and 

C^X,p). 

Let the numbers 1 < p < +oo and 1 < q < +oo obey the condition 

p-^+q-^ = l. (14.18) 

If / G L^{X,p) is an integrable complex function on X of degree p and /' G L^{X,p) is that 
of degree q, then // is integrable, i.e., belongs to L]^{X,p). In particular, a space L‘^{X,p) of 
square integrable complex functions on a locally compact space A is a separable Hilbert space 
with respect to a scalar product 

(/!/') = J (14.19) 

One can say something more in the case of real functions. Let numbers p and q obey the 
condition (114.181) . Any integrable real function / G F^(A, p) on X of degree q defines a continuous 
real form 

J //V (14.20) 

on a space L^{X, p) such that Nq{f) = ||0/||. Conversely, each continuous real form on Lr(A, p) 
is of type (114.20(1 where / is an element of £g(A,/r) whose equivalence class in L'^{X,p) is 
uniquely defined. As a consequence, there is an isomorphism between Banach spaces L‘^{X,p) 
and (Fg(A, p))', and a Banach space Fg(A,/i) is reflexive. 

Remark 14.7. One can define a space L^{X, p) of complex infinite integrable functions on X 
as the dual of a Banach space L}^{X, p). In particular, any bounded continuous function belongs 
to L^{X,p). Let us note that a space L]^{X,p) is not reflexive, i.e., the dual of L^{X,p), 
provided with the strong topology, does not coincide with L}^{X,p). <0 

We now turn to the relation between equivalent measures. Let / be a positive IR.±oo-valued 
function on a locally compact space X . Given a positive measure /r on A, a quantity 

p{f) = sup p*{ipKf), (14.21) 

KCX 

where K runs through a set of all compact subsets of A, is called the essential upper integral of 
/. Since pkJ < / for any compact subset K, the inequality 'p{f) < p*{f) holds. In particular, 
if H is a subset of A and p{(pv) = 0, one says that H is a locally /r-null set, i.e., any point x G X 
has a neighborhood U such that F (b H is a /i-null set. Essential upper integrals coincide with 
the upper ones if A is a locally compact space countable at infinity. 

One says that a function on a subset H of A is defined locally almost everywhere if the 
complement of H is a locally null set. A real function / defined locally almost everywhere on 
A is called locally /i-integrable if any point x G X has a neighborhood U such that ipjjf is a 
/i-integrable function or, equivalently, if hf is a /r-integrable function for any positive function 
h gK{X) of compact support. 
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Let /i be a locally /x-integrable function which is defined and non-negative almost everywhere 
on X. There is a positive measure hfj, on X which obeys the relation hfi(f) = for any 

/ G }C{X). One says that hfi is a measure with the basis /i and the density h. For instance, if h is 
a /i-integrable function, then hfi is a bounded measure on X. This construction also is extended 
to complex functions and complex measures, seen as compositions of the positive real ones. 

Theorem 14.1. Positive measures /j, and p,' on a locally compact space X are equivalent iff 
/r' = //r, where / is a locally /r-integrable function such that / > 0 locally almost everywhere on 
X. □ 

The function / in Theorem lld.ll is called the Radon-Nikodym derivative. Of course, = 

m(// 0 foi' positive integrable function /' on X. 

14.4 Haar measures 

Let us point out the peculiarities of measures on locally compact groups [SJ [M] . 

Let G be a topological group acting continuously on a locally compact space X on the left, 
i.e., a map 

7 (g) : X ^ X ^ gx G X, g G G, (14.22) 

is continuous for any g G G, and so is a map G ^ g ^ gx G X ior any x G X. It should be 
emphasized that a map 

G X X 3 (^, x) —^ gx G X 

need not be continuous. 

Let / be a real function on X and g a measure on X. A group G acts on / and g by the laws 

{l{9)f){x) = f{9~^x), (7(5)m)(/) = Kl{9~^)f)- 

A measure 'y{g)g is the image of a measure g, with respect to the map (114.221) . 

A measure g on A, subject to the action of a group G, is said to be: 

• invariant if 'y{g)g = g for all g G G\ 

• relative invariant, if there is a strictly positive number x{9) such that x{g)g = x{9)~^9- for 
each g G G; 

• quasi-invariant, if measures g and xi9)9 rire equivalent for all g G G. 

A strictly positive function g —%((/) yields a representation of G in R. It is called the multiplier 
of a measure g. 

Let a topological group G act continuously on a locally compact space X on the right, i.e., 

T(g) : A 9 X —>■ xg~^ G X. 

The corresponding transformations of functions and measures on A read 

ix{9)f)ix) = f{xg), iT{g)g){f) = g{T{g-~^)f). 

Then invariant, relative invariant, and quasi-invariant measures on A are defined similarly to the 
case of G acting on A on the left. 

Now let G be a locally compact group acting on itself by left and right multiplications 
1 ( 9 )-9^ 99, T{g) : q ^ qg~^, 9 ^G, 

i{9i)t{92) = r(52)7(5i)- (14.23) 
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Accordingly, left- and right-invariant measures, relative left- and right-invariant measures, left- 
and right-quasi-invariant measures on a group G are defined. Each measure ^ on G also yields 
the inverse measure given by a relation 

J = J f{9~^)K9), /G/C(C?). 

A positive (non-vanishing) left-invariant measure on a locally compact group G is called the 
left Haar measure (or, simply, the Haar measure). Similarly, the right Haar measure is defined. 

Theorem 14.2. A locally compact group G admits a unique Haar measure with accuracy to a 
number multiplier. The total mass ^i{G) of a Haar measure ^ on G is finite iff G is a compact 
group. □ 

Let us choose, once and for all, a left Haar measure dg on a locally compact group G. If G is 
a compact group, dg is customarily the Haar measure of total mass 1. 

Example 14.8. The Lebesgue measure dx is a Haar measure on the additive group G = K. Its 
inverse is —da;. □ 

The equality (114.231) shows that, if dg is a Haar measure on G, a measure T[g')dg for any g' G G 
also is left-invariant. Therefore, there exists a unique continuous strictly positive function A{g') 
on G such that T{g')dg = A{g')dg, g' G G. It is called the modular function of G. If dg is a left 
Haar measure, its inverse {dg)~^ is a right Haar measure. There is a relation {dg)~^ = A{g)~^dg. 
If A{g) = 1, a group G is called unimodular. Left and right Haar measures on a unimodular 
group differ from each other in a number multiplier. For instance, compact, commutative, and 
semisimple groups are unimodular. There is the following criterion of a unimodular group. If 
the unit element of a locally compact group has a compact neighborhood invariant under inner 
automorphisms, this group is unimodular. 

Measures /j,i ,..., /i„ on a locally compact group G are called mutually contractible if there 
exists a measure * fii on G given by a relation 

i 

J f{9)*9-i{9)= J f{9i---9n)g'i{gi)---IJ.n{gn), /G/C(G). (14.24) 

n 

It is an image of the product measure /ii • • • on x G with respect to a map 

n 

X G 3 ( 51 , . . . ,gn) —>■ 5 l ■ ■ ■ ffn G G. 

Let Eg, (7 G G, be the Dirac measure on G. The following relations hold for all x,y,z G G: 

^ Sx ^ £y — ^xy] 

• Ex * fJ, = l(x)g, and n* Sx = T{x~^)g; 

• if measures A, /r, v are contractible, the pairs of measures A and /r, g and v, X* g and v, A 
and g* u also are contractible, and we have 

X * g * ly = (^X * g) * ly = X * (g * v). 

For instance, any two bounded measures on G are contractible, and a space M^(G) of these 
measures is a unital Banach algebra with respect to the contraction * ()14.24L where the Dirac 
measure Ei is the unit element. 

One also defines: 


50 






• the contraction of a measure v and a d^-integrable function / on G as the density of the 
contraction v * {fdg) with respect to a Haar measure dg on G; 

• the contraction of dg-integrable functions fi and /2 on G as the density of the contraction 
ifidg) * if 2 dg) with respect to a Haar measure dg on G, i.e., 

(/i * f 2 )ig) = J fiiq)f 2 iq~^g)dq, q,g€G. (14.25) 

14.5 Measures on infinite-dimensional vector spaces 

Throughout this Section, E denotes a real Hausdorff topological vector space. Infinite-dimensional 
topological vector spaces need not be locally compact, and measures on them are defined as fol¬ 
lows [HI HH m] . All measures are assumed to be positive. 

Let N{E) denote a set of closed vector subspaces of E of finite codimension, i.e., a vector 
subspace V oi E belongs to N{E) iff there exists a finite set j/i,..., j/„ of elements of the dual 
E' of E such that V consists of x £ E which obey the equalities {x, yi) = 0, i = 1,... ,n. 

A quasi-measure (or a cylinder set measure in the terminology of |22] 1 on E is defined as 
family fi = {fiy, V S N{E)} of bounded measures gv on finite-dimensional vector spaces E/V 
such that if W G V, the measure gv is the image of a measure fiw with respect to the canonical 
morphism E/W —>■ E/V. 

For instance, each bounded measure on E yields a quasi-measure {g,v,V £ N{E)'\^ where 
gv is the image of a measure g, with respect to the canonical morphism ry '■ E ^ E/V. There 
is one-to-one correspondence between the bounded measures on E and the quasi-measures on E 
which obey the following condition. For any £ > 0, there exists a compact subset K G E such 
that 


gv{E/V-rv{K)) <e, V £ N{E). 

Clearly, any quasi-measure on a finite-dimensional vector space is a measure. 

Let 7 : i? —>■ F be a continuous morphism of topological vector spaces. For any W £ N{E), a 
subspace V = 7 “^(VF) of E belongs to N{E), and 7 yields a morphism 7 ^ : E/V —^ E/W. Let 
g = {gvi y G Ef{E)} be a quasi-measure on E. Then one can assign the measure 

to each W £ N{E). It is readily observed that the family y = {h'\Y,W £ N{F)} is a quasi¬ 
measure on F. It is called the image of a quasi-measure g with respect to a continuous morphism 

7- 

In particular, let F = K, and let y £ E' he a continuous form on F. The image gy of a 
quasi-measure g on E with respect to a form y is a measure on K. The Fourier transform of a 
quasi-measure ^ on F is defined as a complex function 

Z{y) = [ FVy(i) (14.26) 

Jr 

on the dual E' of E. If // is a bounded measure on E^ its Fourier transform reads 

Z{y)= J exp[i{x,y)]g{x). (14.27) 

E 
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Let us point out the following variant of the well-known Bochner theorem. A complex function 
Z on a topological vector space F is called positive-definite if 


> 0 

i,3 


for any finite set yi, ■ ■ ■ ,ym of elements of F and any complex numbers ci,..., Cm- 

Theorem 14.3. The Fourier transform (114.271) provides a bijection of the set of quasi-measures 
on a Hausdorff topological vector space E to the set of positive-definite functions on the dual E' 
of E whose restriction to any finite-dimensional subspace of E' is continuous. □ 

For instance, let M{y) be a seminorm on E'. Then a function 


Z{y) = exp 



(14.28) 


on E' is positive-definite. By virtue of Theorem 114.31 there is a unique quasi-measure y,M on E 
whose Fourier transform is Z[y) (114.281) . It is called the Gaussian quasi-measure with a covariance 
form M. 


Example 14.9. Let E = ffi." be a finite-dimensional vector space, coordinated by (x®), and let 
M be a norm on the dual of E. A Gaussian measure on E with a covariance form B is equivalent 
to the Lebesgue measure on A, and reads 


Mm 


det 

(27r)"/^ 


exp 


--(M 


(Tx. 


(14.29) 


□ 


Example 14.10. Let A be a Banach space and E' its dual, provided with the norm ||.||' 
(114.11) . A Gaussian quasi-measure on E with the covariance form ||.||' is called canonical. One 
can show that this quasi-measure fails to be a measure, unless E is finite-dimensional. Let T be 
a continuous operator in E'. Then 

y^\\Ty\\ (14.30) 

is a seminorm on E'. A Gaussian quasi-measure on E with the covariance form (114.301) is proved 
to be a measure iff T is a Hilbert-Schmidt operator. □ 

Let A be a real nuclear space and E' its dual, equipped with the topology of uniform con¬ 
vergence. Let us recall that all topologies of uniform convergence (including weak* and strong 
topologies) on E' coincide, and E is reflexive. A quasi-measure on E' is a measure iff its Fourier 
transform on E (which is the dual of E') is continuous. A variant of the Bochner theorem for 
nuclear spaces states the following [HJ [53] . 

Theorem 14.4. The Fourier transform 

Z{x) = J exp[i{x,y)]yiy) 

provides a bijection of the set of measures on the dual E' of a real nuclear space E to the set of 
continuous positive-definite functions on E □ 

Remark 14.11. Let E C E C E' he a real rigged Hilbert space, defined by a norm ||.|| on E. 
Let T be a nuclear operator in E and ||.||r the restriction of the seminorm y —>■ ||T'?/||, y G E, 
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(114.3011 on E to E. Then the Gaussian measures fi and fir on i?' with the covariance forms ||.|| 
and ||.||t are not equivalent. The Gaussian measures /x and fj-T are equivalent if T is a sum of 
the identity and a nuclear operator. In particular, all Gaussian measures on a finite-dimensional 
vector space are equivalent. <C> 
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